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Summary 


In this thesis we study singular curves on K3 surfaces. Let Bg denote the stack of polarised 
K3 surfaces of genus g and set p{g,k) = k^{g - 1) + 1. There is a stack 7^"^ ->• Bg with 
fibre over the polarised surface {X,L) parametrising all unramified morphisms f - C ^ X, 
birational onto their image, with C an integral smooth curve of genus p{g,k) - n and 
f^C ~ kL. In particular, by associating the singular curve f{C) to a point [f ■ C ^ X] 
of T^k, one can think of as parametrising all singular curves on K3 surfaces such that 
the normalisation map is unramified (or equivalently such that the curve has “immersed” 
singularities). 

The stack 7^”^ comes with a natural moduli map 

7 ■ '^g,k ■k^p(g,k)-n 

to the Deligne-Mumford stack of curves, defined by forgetting the map to the K3 surface, 
i.e. by sending [f '■ C X] to [C]. It is natural to ask what one can say about the image 
of g. 

We first show that g is generically finite (to its image) on at least one component of , 
in all but finitely many cases. We also consider related questions about the Brill-Noether 
theory of singular curves on K3 surfaces as well as the surjectivity of twisted Gaussian 
maps on normalisations of singular curves. Lastly, we apply the deformation theory of 7^”^ 
to a seemingly unrelated problem, namely the Bloch-Beilinson conjectures on the Chow 
group of points of K3 surfaces with a symplectic involution. 

The results of this thesis have appeared in [78] and the preprint [85]. 
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Chapter 1 

Introduction 


The systematic use of K3 surfaces has led to something of a revolution in the study of the 
geometry of the general curve. One prominent example of this is that the Brill-Noether 
theory of a general curve is the same as that of a general smooth curve lying on a K3 surface 
of Picard number one, [97]. A second, equally important example, is that the syzygies of 
general projective curves are in many cases the same as the syzygies of certain hyperplane 
sections of K3 surfaces, [135], [138], [6], [46]. In other words, in order to understand some 
property of a general smooth curve, it can be instructive to first study the case where the 
curve lies on a K3 surface. Under this assumption the problem can become much simpler, 
often allowing one to reduce the original question to an exercise in lattice theory. 

In recent years, there has been interest in the study of singular curves on K3 surfaces. 
This dates back to physicists such as Yau, Zaslow, Witten and others who initiated the 
enumerative study of rational curves on K3 surfaces due to the role they play in high energy 
physics. A stunning early result was the proof of the Yau-Zaslow formula which counts 
rational curves in a linear equivalence class on a general K3 surface, [23]. A key technique 
in this study was the use of genus zero stable maps, as defined by Gromov and Kontsevich. 

Singular curves of high genus on K3 surfaces also have interesting applications to the 
geometry of K3 surfaces. For example, in [40] a relation between the Severi variety of 
singular curves and self-rational maps of K3 surfaces was found by Dedieu, see also [28]. 
More recently, Ciliberto and Knutsen have used such curves in order to construct rational 
curves on hyperkahler manifolds, [32]. 

These works use a Cartesian approach to studying nodal curves on surfaces; in other 
words, one considers the curves as defined by equations on the surface and allows these 
equations to deform in such a way that the singularities are preserved, see [49]. This 
approach works well for integral, nodal curves on K3 surfaces but has the draw-back that 
it is can be somewhat difficult to control for non-nodal curves, which turn up naturally as 
deformations of curves on special K3 surfaces. Indeed, the main methods at our disposal 
to directly construct singular curves on K3 surfaces are either via the Torelli theorem or 
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by constructing curves on a Kummer surface. Such curves are often non-reduced or may 
have several components which intersect non-transversally. 

In order to make up for this, one commonly allows the K3 surfaces to degenerate to 
unions of rational scrolls, using powerful techniques from [33] and [26]. Chains of rational 
curves on unions of rational scrolls are constructed with the desired properties and then 
deformed sideways to a nodal curve on a K3 surface. The configurations of rational curves 
which appear on the central fibre can be intimidating yet beautiful, with huge amounts of 
structure and symmetry. For an example of the kind of chain configurations which occur, 
we refer the reader to [31, Pg. 14], which illustrates a degenerate nodal curve on the union 
of four planes. 

One of the main goals of this thesis is to try and develop a different approach to studying 
some problems related to high genus singular curves on K3 surfaces. The realisation that 
such an approach should be possible was gained by a close reading of [27]. In this paper, 
Chen reproves the main result of [25] without degenerating to unions of rational surfaces 
(see also [26]). One instead allows for non-reduced curves by explicitly performing semi¬ 
stable reductions. We express this idea via the general theory of stable maps. A typical 
example of the resulting degenerations can be seen in Figure 6, [27, Pg. 92]. 

We start by designing a general-purpose “machine” for producing families of singular 
curves of arbitrary geometric genus on K3 surfaces. These families can be given many 
special properties, allowing us to use them to attack several interesting problems. Our 
machine has two parts. The first part is the Torelli theorem, which combined with results 
of Nikulin gives the following statement: let A be any even lattice of signature (1,/j) for 
p < 9. Then there exists a 19 - p dimensional algebraic family of K3 surfaces Xt with 
Pic(At) A for all t (note that these surfaces have Picard rank p + 1, in contrast to the 
usual convention). Now assume A has a basis 

{ei,... ,ep+i}. 

By taking linear combinations aiei + ... + Up+iCp+i for ai e Z, we may produce divisors on 
Xt which, can be given all kinds of arithmetic properties by choosing A wisely. 

Such divisors produced by Torelli will not, in the interesting cases, be irreducible. They 
are usually not reduced. In order to make use of them, we must perturb them slightly so 
that they become integral. This is done by the second part of our machine, which is the 
deformation theory of stable maps. We view the curve aici + ... + ap+iCp+i as the image of 
a stable map f '■ D Xt, and then deform the map sideways to a map f ■ D' Y, where 
y is a different K3 surface. In many cases, we may set-up the lattice theory of Y so that 
it forces the curve fi{D') to become integral. For instance, this must happen if we deform 
in a primitive class to a K3 surface Y of Picard rank one, and even in higher rank cases 
the integrality may still be achievable. These integral curves are deformed in such a way 
as to retain the chosen arithmetic properties of the central divisor f^D. 
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1.1 Deformations of stable maps to K3 surfaces 

A polarised K3 surface of genus is a pair (X, L) of a K3 surface X over C and an ample 
line bundle L on X with (L)^ = 2g -2. For g at least three there is a Deligne-Mumford 
stack Bg parametrising all K3 surfaces. Let D be a connected nodal curve and consider a 
morphism f '■ D ^ X. We call / a stable map if it has finite automorphism group. 

This thesis starts with an exposition of the deformation theory of stable maps to (vary¬ 
ing) polarised K3 surfaces. Much of this is by now rather standard, but our presentation 
differs from the usual one in at least two respects. Namely, we freely use two pieces of heavy 
machinery: the analytic deformation theory of morphisms as developed by Flenner, [50], 
and the theory of relative cycles as developed by Suslin-Voevodsky, [129] and Kollar, [94]. 
Set p{g, k) = k^{g - 1) + 1. Following [16], one may construct a Deligne-Mumford stack 

proper over Bg, with fibre over [(X,L)] parametrising all stable maps f ■ D ^ X with 
f^D ~ kL and such that D has arithmetic genus p(g, k) - n. 

The stack IXgj^ comes equipped with a natural morphism of stacks 

V ■ y^g,k ^ ■Mp(g,k)-n 

[f--D-^X]^ [D] 

where M.p(g^k)-n is the moduli space of stable curves, and the stable curve [D] is obtained 
by contracting all unstable components of D. 

The stack W”^ may well have several irreducible components of different dimensions. 
All that we have in general is the following bound, see Theorem 2.2.16; for any irreducible 
component I of 

dim/ > 19 + p{g, k) - n. 

A few words on this bound, which is essentially due to Bryan-Leung, [23], are in order. In 
order to obtain the estimate, transcendental analytic methods play a key role. Indeed one 
has to allow the K3 surface to deform to a non-projective complex surface and apply the 
deformation theory of analytic morphisms, [50]. A different (and more powerful) approach 
to this bound which is appropriate for constructing virtual fundamental cycles can be given 
using Bloch’s theory of the semi-regularity map, see [20], [103], [96]. 

The situation above improves if we only consider morphisms which are unramified. If D 
is smooth and / is unramified, then each component / through [/] has dimension exactly 
19+p{g, k)-n. Furthermore I dominates Bg; thus the unramified morphism f ■ D ^ X can 
be deformed horizontally to the general {X',L') e Bg. An important observation is that 
this analysis can be generalised to cover many cases where D is reducible, see Proposition 
2.3.2. 
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Let Tgj^ denote the open substack of parametrising unramified morphisms f ■ D ^ 
X with D smooth which are birational onto their image. By [26], T^/^ is nonempty. Thus 
is of pure dimension 19 + p(g, k) - n and dominates Bg. If C* £ X is an integral nodal 
curve on a K3 surface of genus g with C e |A:L| and exactly n nodes, then the normalisation 
of C gives an unramified stable map f ■ D ^ X. This gives a one-to-one correspondence 
between such nodal curves and the open substack 


v: 


g,k - lg,k 


y-i-n 

In h 


parametrising stable maps f ■ D ^ X with f{D) nodal. By a result of Dedieu-Sernesi 
using an argument of Arbarello-Cornalba and Harris, any component I £ Tg^, for g > I 
containing a map [/ : D ->• X] e I with D non-trigonal must meet in a dense open 
subset, [41, Thm. 2.8], [67, P. 107ff], [66]. 

The following deep conjecture has been around for some years but currently seems out 
of reach or at least very difficult, see [26, Conj. 1.2], [40]. See also [30], [31], [86] for some 
work on special cases. 


Conjecture 1.1.1. The moduli space Vg^ irreducible. 

Resticting ?? to produces a morphism of stacks 

V ■ '^g,k ■^p(g,k)-n 

which was studied by Flamini, Knutsen, Pacienza, Sernesi in the case k = 1, [49]. Specif¬ 
ically, they prove that p is dominant on each component of Vgi in the range 2 < 51 < 11, 
0 < n < g - 2 and k = 1, and ask the following question (at least for /c = 1), : 

Question 1.1.2. Is p dominant on each component in the range 2 < p{g., k) - n <11? Is p 
generically finite (to its image) for p{g, k) - n> 12? 

To ease the notation write 7^” := Tg\ in the primitive case k = 1. The case n = 0 
of Question 1.1.2 is classical. Indeed, Mori-Mukai showed that if n = 0, k = 1 then the 
morphism 

p : T^^Mg 

is generically finite for g > 13 or g = 11, but not for g = 12, [106]. In the non-primitive 
case k>2, a very different approach using the deformation theory of cones shows that p is 
generically finite for g >7 and n = 0, [35]. Our first result is an extension of the results on 
generic finiteness to the singular case n > 0. In the case k = 1, we show: 

Theoreru 1.1.3. Assume g > 11, n > 0, and let 0 < r{g) <5 be the unique integer such that 

g-11 
. 6 


5-11 = 


6 + r{g). 
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Then there is a component I £ 7^” such that 

V\N-I^ Mg-n 

is generically finite for g-n > 15. Furthermore, ifr{g) ^ 5, the lower bound can be improved 
to g - n> 12), and if r{g) = 0 it can be improved to g - n> 12. 

In the case k>2 we show: 

Theorem 1.1.4. Assume k > 2, g > 8. Then there is a component I £ Tg\ such that 

h\i ■ ^ ■^p(g,k)-n 

is generically finite for p{g, k) - n > 18. Furthermore, in most cases the lower bound can 
be improved, see Chapter f. 

Setting n = 0, we recover the (optimal) statement in the smooth, primitive, case and 
all cases other than g = I va. the nonprimitive case. In particular, this gives a new proof 
of the generic finiteness theorem for n-0, k>2, g>8 which more resembles the original 
approach of [106]. By construction the component I contains maps [f ■ D ^ X] with D 
non-trigonal. Thus we have; 

Corollary 1.1.5. The restriction 

^Iv", ■ ■^p{gF)-n 

is generically finite on one component, for the same bounds on p{g, k) - n as in Theorem 
1.1.3 and l.l.f. 

1.2 Chow groups and Nikulin involutions 

In Chapter 5, we apply the stable map machinery to a conjecture on the action of Nikulin 
involutions on the Chow group of points on a K3 surface. Let X be a complex projective 
K3 surface with a symplectic involution i'. X - X, and let CH^{X) denote the Chow group 
of points. The Bloch-Beilinson conjectures predict the following conjecture, see [75]. 

Conjecture 1.2.1. The involution i* acts as the identity on CH^{X). 

Let f '■ E ^ X he a morphism from an smooth, proper curve of genus one to X, with 
one-dimensional image. The pushforward of / induces a group homomorphism 

CH^{E) ^ Pic{E) ^ CH^{X). 

This allows one to relate Conjecture 1.2.1 to the study of singular elliptic curves on X 
which are invariant under i. In particular, by using that CH^(X) is torsion-free due to a 
theorem of Roitman, one can show the following, see Section 5.2. 
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Proposition 1.2.2. Let i ■■ X ^ X be a symplectic automorphism of finite order on a 
projective K3 surface over C. Assume there exists a dominating family of integral curves 
Ct X of geometric genus one, such that for generic t the following two conditions are 
satisfied: 

1. Ct avoids the fixed points of f. 


2. Ct is invariant under f. 
Then i* = id on CH^{X). 


This reduces the problem to the question of constructing dominating families of singular 
elliptic curves which are kept invariant under the involution. 

The moduli space of K3 surfaces together with a Nikulin involution has been constructed 
by van Geemen and Sarti, [133], building upon the foundational work of Nikulin, [114], The 
moduli spaces are constructed as spaces of A-polarised K3 surfaces, as in [42], To be more 
precise, consider the lattice 

4>g ;= ZL®Es{-2), 

where = 2g - 2, g > 3. H g is odd, then there is a unique lattice which is an over 
lattice of with Tgj^g Z/2Z and such that E^{-2) is a primitive sublattice of T^. 
There is an involution j '■ ^g ^ which acts at 1 on ZL and -1 on E%{-2). This extends 
to an involution j : ->• for odd g. For the proof of the following, see Thm. 5.1.1 


Theorem 1.2.3 (Sarti-Geemen). Let A he either of the lattices ^g or Tg. Let X be a 
K3 surface with a primitive embedding A ^ Pic{X) such that L is big and nef. Then X 
admits a Nikulin involution f ■ X ^ X such that /|* = j and = id, for c Z). 

Conversely, if X admits a Nikulin involution f then there is a primitive embedding A ^ 
Pic{X) such that L is big and nef, where A is either ^g or Tg, for some g. Further, /|* = j 
and = id. 

Using this, we are able to prove Gonjecture 1.2.1 in one-third of all cases. 


Corollary 1.2.4. Conjecture 1.2.1 holds for an arbitrary T 2 e+i-polarised K3 surface {X, /). 

These results have been subsequently extended to cover all K3 surfaces admitting a 
Nikulin involution, see [139]. More generally, Conjecture 1.2.1 is now known to hold for all 
K3 surfaces admitting symplectic automorphisms of finite order. See [78, §5] for this result 
on one component of the moduli space and order prime and [76] for the full statement. 


1.3 An obstruction for a marked curve to admit a nodal 
model on a K3 surface 

It is a natural question to study the image of 

3 ■ '^g,k ■^^p(g,k)-n- 
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In the case of smooth curves n = 0, there is a well-known conjectural characterization of the 
image t], due to Wahl [142]. He makes the following remarkable conjecture, which would 
give a complete characterization of those smooth curves that lie on a K3 surface: 

Conjecture 1.3.1 (Wahl). Assume C is a smooth curve of genus g >8 which is BrilU 
Noether general. Then there exists a K3 surface X c Ips such that C is a hyperplane section 
of X if and only if the Wahl map Wc is nonsurjective. 

Here the Wahl map refers to the map /\^ H^{C, Kc) H^{C, K^) given by s a t i->- 
tds - sdt. One side of this conjecture is well-known; indeed if C £ X is a smooth curve in a 
K3 surface then Wc is nonsurjective, [140]. Furthermore, if C is general and Pic(X) ZC, 
then C is Brill-Noether general, [97]. In [49, Question 5.5], it was asked if there exists such 
a Wahl-type obstruction for a smooth curve to have a nodal model lying on a K3 surface. 

Let Xip(g^k)-n, 2 n •= [■^p(g,k)-n, 2 nlS 2 n] denote the stack of curves with an unordered 
marking (or divisor). One may slightly alter the above question and ask if there exists an 
obstruction for a marked curve to have a nodal model lying on a K3 surface in such a way 
that the marking is the divisor over the nodes (when we forget about the ordering). For 
any positive integers h,l and [(C, T)] e Aih,2h one may consider the Gaussian 

Wc,T ■■ A H\C, Kci-T)) ^ H\C, Kl;{-2T)) 

which we will call the marked Wahl map, since it depends on both the curve and the 
marking. In Section 6 we show; 

Theorem 1.3.2. Fix any integer I e Z. Then there exist infinitely many integers hfil), 
such that the general marked curve [(C, T)] ^ M.h(i), 2 i has surjective marked Wahl map. 

On the other hand we show: 

Theorem 1.3.3. Assume g -n> 13 for k = 1 or g >8 for k > 1, and let n < ^ . Then 

there is an irreducible component I^ £ such that for a general [(/ : C X,L)^ e I^ 
the marked Wahl map Wct is nonsurjective, where T £ C is the divisor over the nodes of 
fiC). 

1.4 Brill—Noether theory for nodal curves on K3 surfaces 

In the last section we study the Brill-Noether theory of nodal curves on K3 surfaces. 
There are two related questions: for [(/ : C X,L)] e Vg general, one may firstly ask 
if the smooth curve C is Brill-Noether general and secondly if the nodal curve f{C) is 
Brill-Noether general. For the first question we show in Section 7.1: 

Proposition 1.4.1. Assume g-n>8. Then there exists a component J ^Vg such that 
for [(/ : C ->• X,L)] € J general, C is Brill-Noether-Petri general. 
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The above result should not be expected to hold for all [(/ : C ->• X,L)] e J' (or even 
for all [(/ : C X,L)^ e J with the general polarised K3 surface {X,L) kept fixed), 
see [32, Thm. 0.1], 

For the second question we again have a positive answer. For an integral nodal curve D, 
we denote by J'^{D) the compactified Jacobian of degree d, rank one, torsion-free sheaves 
on D. In Section 7.2 we show: 

Theorem 1.4.2. Let X be a K3 surface with Pie{X) TLL and {L ■ L) = 2g - 2. Suppose 
D e |L| is a rational, nodal eurve. Then 

WdiD) ■■= {A e J^{D) with h^{A) > r + 1} 
is either empty or is equidimensional of the expected dimension p{g,r,d). 

As one may smoothen the nodes of a rational nodal curve D on a K3 surface to produce 
a curve with an arbitrary number of nodes, the above result immediately gives the following 
corollary; 

Corollary 1.4.3. For any n > 0, there is a component £ V” sueh that if [(/ : C ->• 
X,L)] ^ J is general and D = f{C) then 

Wd{D) ■■= {A e J^{D) with h^{A) > r + 1} 
is either empty or is equidimensional of the expected dimension p{g,r,d). 

In particular, if p{g,r,d) < 0, W^^{D) = 0 ioi D as in the above corollary; indeed this 
is well-known and follows from the arguments of [58, §3.2], [97, Cor. 1.4]. On the other 
hand, if p{g,r,d) > 0, then W^{D) ^ 0 by deforming D to a smooth curve on X and 
semicontinuity. 
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Chapter 2 

Stable maps 


In this chapter we construct the moduli space of stable maps to projective K3 surfaces 
and study its deformation theory. We proceed in three steps. In Section 2.1, we restrict 
ourselves to considering families of stable maps over an algebraic base. In this setting one 
has an algebraic stack parametrising all such families. The standard deformation theory 
of this object is however insufficient for most purposes, essentially because deformations of 
algebraic K3 surfaces need not remain algebraic. 

In order to have a workable deformation theory, in Section 2.2 we no longer assume 
a priori that all K3 surfaces remain algebraic in their deformations. We also allow the 
base of the families of stable maps to be arbitrary complex spaces. There is then a local 
construction of a moduli space parametrising such objects, which exists as a complex space, 
together with a well-dehned analytic deformation theory producing an optimal dimension 
count. A simple argument shows that, a posteriori, all K3 surfaces do indeed remain 
algebraic in the deformations, so the resulting dimension count applies to the original 
algebraic moduli space as well. 

In Section 2.3, we apply the above analysis to the case of an unramified stable map 
f '■ C ^ X. The computations done in this section form the backbone of the rest of this 
thesis. 

2.1 Construction of the moduli space of stable maps 

We start by fixing some notation. 

Definition 2.1.1. By connected curve we mean a projective algebraic variety of dimension 
one over C which is connected. A connected curve is not assumed to be either reduced 
or irreducible. By nodal curve we mean a connected curve which is reduced and with all 
singularities (if any) nodal. 

Let A be a projective variety over C. An integral connected curve C ^ X can be viewed 
in one of two ways. The Cartesian perspective views C as being dehned via polynomial 
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equations on X; in other words we identify C in a one-to-one fashion with the ideal sheaf 
Ic defining C via the exact sequence 

O^Ic^Ox^Oc^O. 

The study of deformations of Ic leads to the construction of the Hilbert scheme of X, see 
for instance [94, Ch. 1], Suppose now C is an integral nodal curve. Deformation of Ic in 
the Hilbert scheme of X will often smooth out the nodes of C. If one wishes to preserve 
the singularities of C one is led to theory of the Severi variety, see [130] and [49]. This 
works best when X is a smooth surface. 

We will take a different approach. Rather than viewing the integral nodal curve C ^ X 
as defined by equations on X and studying those deformations of the equations which 
preserve the nodes, we instead consider C as the image f*{C) of a morphism 

/ : 

where (7 is a smooth curve. Indeed, we take / to be the composition of the normalisation 
morphism C ^ C with the closed immersion C ^ X. This viewpoint is known as the 
parametric perspective and is due to Horikawa, [71]. The resulting deformation theory of 
the morphism / turns out to be somewhat more workable than the theory of the Severi 
variety even when X is a surface. Indeed, with this perspective one often has a much 
better description of limiting degenerations of f*{C) (which will often be neither reduced 
nor irreducible, let alone integral nodal). 

In order to describe all possible deformations of the morphism / we make the following 
definition, [54]. 

Definition 2.1.2 (Gromov, Kontsevich). Let / : D ->• X be a morphism from a connected 
nodal curve D to a projective variety X, and assume f{D) is not a point. The morphism 
/ is a stable map if the following condition is satisfied: suppose Li c D is an irreducible 
component with Li ~ and /(Li) a point. Then E meets the rest of the curve in at least 
three points, i.e. 

#{EnlDVE} > 3. 

The above condition may be characterised in several alternate ways, [16, Prop. 3.9], 
[54], [100]. 

Proposition 2.1.3. Let f ■ D ^ X be a morphism from a connected nodal curve D to a 
smooth projective variety X, and assume f{D) is not a point. Then the following conditions 
are equivalent: 

1. The morphism f is stable. 

2. The automorphism group of f is finite. 
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3. The line bundle ojd ® is ample. 

4- The map HomDiLlDjOo) H^{D, f*Tx) induced by the natural map f*Llx LId 
is injective. 

5. The infinitesimal automorphism group of f is trivial. 

The definition of stable maps generalises easily to the relative setting: 

Definition 2.1.4. Let 5 be a Noetherian scheme over k = C and X an S'-scheme. A family 
of stable maps over an S'-scheme U is a pair (C,/) where 

• C ^ U is a flat, proper family of nodal curves 

• f'.C^XxgU is a [/-morphism 

• for each A:-point of U, fk-Ck^ Xk is a stable map. 

Let X ^ S he a projective morphism of C-schemes over a Noetherian scheme S with a 
fixed S'-ample line bundle Oxil)- There is a functor from the category Schs of 5-schemes 
to the category Set of sets 


Vd{X,d,p) ■ Sells'^ Set 

such that W{X,d,p){U) is the set of isomorphism classes of stable curves (C,/) over U 
such that for all /c-points of U, Ck has constant arithmetic genus p and deg/^(0;i’(l)) = d. 

Theorem 2.1.5. Let S be a Noetherian scheme over C and let X ^ S be a projective 
morphism of schemes with a fixed S-ample divisor Ox{l)- The functor W{X,d,p) is 
a Deligne-Mumford stack, proper over S, which admits a projective coarse moduli space 
W{X,d,p). 

Proof. The construction is given in [16] in the case S = Spec(A:), see also [54], For the 
relative case, see [7, Thm. 50], [3, §1.2], [2]. □ 

Remark 2.1.6. Over finite characteristic, W{X,d,p) is still a proper, algebraic Artin stack, 
but it may fail to be Deligne-Mumford, see the hypotheses of [16, Prop. 4.1]. 

We will outline the construction of the algebraic stack W{X,d,p), taken from [7]. Let 
(C, /) be a family of stable maps over U, and let tt : C ->• [/ be the projection. By the third 
characterisation of stable maps, M := (Wqiu ® f*Ox{il) is [/-relatively ample. In fact, 
is [/-very ample and R^'k^M'^ = 0. Thus there is some constant N (independent of [/) such 
that induces a closed immersion j : C ^ . The diagonal (/, j) then gives a closed 

immersion 

C^XxsFs ^sU. 
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The proper algebraic stack W{A,d,p) is then a quotient of an open subset of Hilbs'(T’ xg 
Fg) by PGL(Ai+l). The projectivity of W(T’, d,p) is explained in [54, §4.3] (for a reference 
which explicitly works with the relative case see [2, §2.4, 2.5]). 

Let Aip denote the Deligne-Mumford stack of stable curves of arithmetic genus p. 
For any nodal curve D, contracting all unstable components yields a unique stable curve 
D'. That this works well in families is the content of the next proposition, which is 
essentially [54, §1.3] (see also [2, §2.6]). 

Proposition 2.1.7. There is a morphism of algebraic stacks 

T] : W{X,d,p) Mp 

which on k-points acts as follows: if f ■ D ^ W{X,d,p){Spec{k)), then 

Viif]) = [D’] e Mp{Spec{k)) 

where D' denotes the contraction of all unstable components of D'. 

Proof Consider a family of stable curves (C,/) e W{X,d,p){U). Contracting unstable 
components of the fibres of C ->• C/ yields a uniquely-defined family of stable maps C' e 
A4p(C/), by the proof of [89, Prop. 2.1]. This therefore yields a morphism of stacks rj : 
W{X,d,p) ^Mp. □ 

We now recall some facts from the theory of families of algebraic cycles over a base S 
from [129], [94, 1.3]. See also [53, Ch. 1], [99, Appendix LA], [37, §8]. ^ We will use this 
theory to pass from a family of stable maps fk ■ Ck ^ Xk to a family of (non-reduced) 
curves fk,*{Ck) £ Xk-, at least in the simple case where Xk is a smooth surface. 

First recall the definition of algebraic cycles and pushforward from [53, §1.4], [94, 1.3.1]. 

Definition 2.1.8. Let A be a scheme of finite type over C. A d-dimensional algebraic 
cycle on A is a formal linear combination a, e Z, where V) is an integral closed 

subscheme of dimension d in A. The abelian group of all d-dimensional cycles is denoted 
Zd{X). If IF c A is a closed subscheme of pure dimension d and IFi,...,IFfc are the 
irreducible components of Wred, we define the fundamental cycle [IF] e Zd{X) by 

k 

m = Y,i{Ow,pmi\ 

i=\ 

where l{Ow,rii) denotes the length of Ow,rii, where r]i is the generic point of IF* (the 
fundamental cycle is written as cycXxiW) in [129]). 

^The main definition of [129] apparently requires a straightforward modification in the case where the 
base S is non-reduced at generic points, see [84, Ch. 2]. Much of the theory anyhow requires S to be 
normal and we will always make this assumption, so this issue is not relevant to us (families of cycles over 
non-reduced bases are left undefined in [94, Def. 1.3.10]). 
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Let f '■ X ^ Y he a morphism of schemes of finite type over C, and let Vi be an integral 
closed subscheme of dimension d in X. Let Wi be the closure of /(V) with reduced 
structure. We set 


^{V^) = 


deg{VilWi)[Vi\ 

0 


ifdim(LLj) = d 
otherwise. 


This extends by linearity to a homomorphism of abelian groups 


/. : Zd{X) Zd{Y) 


called the pushforward. 

The following lemma is [129, Prop. 3.4.8] (compare with [94, 1.3.23.2]). 

Lemma 2.1.9. Let S be an integral normal scheme of finite type over C and let p-Y S 
a smooth, finite type morphism of relative dimension d. Let XjS YjS he a closed 
immersion of S-schemes with X integral and such that all fibres of the projection q ■ X S 
have pure dimension d-1. Then q ■ X ^ S is flat, and X is a relatively effective Cartier 
divisor in Y. 

Proof From [64, 21.14.3], X is a locally principal closed subscheme of Y. Thus each fibre 
Xg £ Yg over s e 5 is locally principally closed, and since X S has all fibres of pure 
dimension d-1 and Y ^ S is smooth, each fibre Xg c Yg must be an effective Cartier 
divisor. The claim now follows from [128, Tag 062Y]. □ 

Note that when S is itself smooth the above result is also a special case of the well-known 
result [63, Prop. 6.1.5]. As a consequence of the above lemma we have the following: 

Proposition 2.1.10. Let X ^ S he a smooth, projective family of surfaces, where S is 
an integral normal scheme of finite type over C. Suppose C ^ S is a flat, proper family of 
nodal curves and f ■ C X is a family of stable maps over S. Assume that for each closed 
point s : Spec{k) S, fg ■ Cg ^ Xg has one-dimensional image. Then there is a relatively 
effective Cartier divisor V ^ X over S such that Vg ^ f^Cg (as subschemes) for all closed 
points s € S. 

Proof Let Ci,...,Cj be the irreducible (and reduced) components of C, set V) ;= /(Cj) 
with reduced induced scheme structure and let fi-Ci^ V) be the restriction of / to the 
components. Let di = degfi in case dimCj = dim V) and di = 0 otherwise, for 1 < f < j. By 
Lemma 2.1.9, each V) satisfying dim Cj = dimV) is a relatively effective Cartier divisor over 
S, so we have a relatively effective Cartier divisor V := diVi. 

We claim that Vg ^ f^^Cg for any point s ■ Spec(A:) ^ S. Then V is our desired family of 
relatively effective Cartier divisors. To show rational equivalence Vg ~ f*Cs, one could take 
a desingularisation of S and then apply standard intersection theory as in [53, Ch. 10]. 
That the two divisors are equal in the strong sense requires the methods of [129] or [94]. 
For instance, we may directly apply [129, Thm. 3.6.1 ] (also see [94, Prop. 1.3.2]). □ 
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In the situation of the above lemma, we will write f^C for the relatively-effective divisor 
V. 

Proposition 2.1.11. Let S be a scheme of finite type overC, and let X ^ S be a smooth, 
projective morphism of K3 surfaces. Then there is an open substack T{X,d,p) £ W{X,d,p) 
parametrising stable maps [f ■ C ^ X] with C smooth, f unramified and birational onto 
its image. There is further an open substack V{X,d,p) £ T{X,d,p) parametrising stable 
maps [f ■ C ^ X] which satisfy the additional assumption that f{C) is nodal. 

Proof. Let W{X, d,p) ->• W^X, d,p) be an etale atlas, with universal family of stable maps 

C - - - >X 

}V(X,d,p). 

We need to construct open subsets t/i £ [/2 c W(^X,d,p) such that p € U 2 R and only if 
[fp ■ Cp has Cp smooth, fp unramified and birational onto its image, and p € Ui 

if and only if we have in addition that fp{Cp) is nodal (note that these properties are 
obviously preserved by automorphisms of fp). Let Ii,..., R he the irreducible components 
of yV{X,d,p), with reduced structure, and let tti ■ Ni ^ fi be the normalisation morphism 
for each i. Let f '■ X^i be the pull-back of /. It suffices to construct open subsets 

Ui^i £ 1 / 2,1 - Xi parametrising points s such that fs is a stable map with the properties 
corresponding to Ui and U 2 ] indeed TTj is proper so we can set 

k 

Uj = \JWiX,d,p)^Tr{Ni^Uj^,) 
i=l 

for j = 1,2. It is well-known that there is an open set £ W parametrising points p 
where Cjv^^p is smooth. If we let V 2 ,i be the complement of the support of klc^gxiq.-, then 
V 2 ,i parametrises points p where fp is unramified. 

Let Wi = Vi^i n V 2 ,i- Applying Lemma 2.1.10, we let V X\Y^ be the flat family of 
Cartier divisors corresponding to the push-forward of f\^ . We let 1 / 2 ,i be the open subset 

parametrising points p eWi with the irreducible curve Vp reduced and then Ui^i c [72 j the 
open subset with T>p in addition nodal, [67, Lemma 3.34]. □ 

The following proposition is standard, e.g. compare with [3, §8.2]. 

Proposition 2.1.12. Assume that X ^ S is a smooth, projective family of K3 surfaces, 
where S is separated of finite type over C. Let L e Pic{X) be an S-filat line bundle with 
{Cs • = d for any s € S. There is an open and closed sub stack 



W{X,C,p)cW{X,d,p) 
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such that a closed point fk-Ck^ Xk in W{X ,d,p){C) is contained in ,C,p){C) if 
and only if we have the rational equivalenee 

fk,*Ck ~ Ck- 

Proof. Let W{X,d,p) ->• W{X,d,p) be an etale atlas and Ii,...,Ik the (reduced) irre¬ 
ducible components oiW{X,d,p). Let iTi ■ Ri ^ R be a resolution of singularities for each 
i and let / : Xr. be the pull-back of the universal stable map as in the previous 

proposition, with j ■ Xr^ Ri the projection. It is enough to show that for each Ri we 
have either fs,*Cs ~ Cg holds for all closed points s € R^ or for no points at all. Indeed, 
suppose this holds and label the irreducible components such that fs,*Cs ~ Cg holds for all 
closed points (or equivalently one point) of precisely the components Ii,..., Im- Then 

m k 

U/i= U (W(T,d,p)v/,) 

2=1 j-=1X1+1 

is an open and closed subset oiyV{X,d,p) with the desired property. 

Applying Lemma 2.1.10, let V Xr. be the flat family of Cartier divisors corresponding 
to the push-forward of /|^ and let M. = OxjiXP) be the corresponding line bundle. We 
work in the category of complex manifolds and follow [137, §1.3.1.2]. Let s e ii* be a closed 
point, and let U Ri he an contractible open set about s, taken in the classical topology. 
Denote by Xjj resp. Xg the complex manifolds j~^{U) resp. j~^{s). Replacing U with a 
smaller open set if necessary, Ehresmann’s lemma states that there exists a homeomorphism 
Xjj ^ XgxJJ of fibrations over U. Since U was chosen to be contractible, pullback via the 
inclusion Xg Xjj induces an isomorphism 

H\Xu,Z)^H\Xg,Z) 

for any s € U. This gives (by the functorialities of the first Chern class), that for any 
s,t € U, Ct - Ait if and only if ci{Ct <8> ) = 0, which happens if and only if Cg ^ Aig. As 

Ri is connected, we see that either fg^^Cg ~ Cg holds for all closed points s e or for no 
points at all, as required. □ 

Now consider the Deligne-Mumford stack Bg of primitively polarised K3 surfaces of 
genus g >3. Analogously to Theorem 2.1.5 and Proposition 2.1.7 we have: 

Proposition 2.1.13. Set p{g,k) ■- k^{g - 1) + 1 for g >3. There is a Deligne-Mumford 
stack yVgk> proper over Bg, with fibre over a polarised K3 surface [(X, L)] parametrising 
all stable maps f ■ D ^ X with f^D e \kL\ and such that D is a nodal curve of arithmetic 
genus p{g,k) -n. The stack hVgk comes equipped with a morphism of staeks 


V ■ '^g,k ^ Atp(^g^k)-n 
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Proof. Let X c be the universal stack of polarised K3 surfaces, where N = 9{g - 1). 
The claim follows from Theorem 2.1.5 and the considerations in [3, §8.3] or [2, §2.7]. □ 

In the same exact same manner as Proposition 2.1.11, we have an open substack 7^”^ c 
W”^ parametrising stable maps [f ■ C ^ X] with C smooth, / unramified and birational 
onto its image, and ^gk parametrising maps satisfying the additional condition that 

f{C) is nodal. 

Remark 2.1.14. Throughout this section we have always assumed that our family X ^ S 
is projective. In the case T ->• S' is only proper, one can show that the analogous functor 
W{X,d,p) can be constructed as an algebraic Artin stack, locally of finite type, [3, §8.4]. 
This can be useful in some applications, for instance when one wants to consider stable 
maps into families of pseudo-polarised K3 surfaces, i.e. pairs (A, L) with L only big and 
nef, rather than ample. We have stuck to the projective case, since the references are more 
complete, but many of the statements in this chapter generalise in some form to the proper 
setting. 

2.2 Morphisms of complex spaces 

General deformations of an algebraic K3 surface are not algebraic. As a result, the construc¬ 
tions in the preceding section do not capture the full story of deformations of stable maps 
into K3 surfaces and transcendental techniques are needed before one can work effectively 
with the stack In this section we recall the deformation theory of morphisms of com¬ 

plex spaces, following Flenner’s Habilitationsschrift [50]. See also the survey article [116]. 
As a reference for the general theory of complex spaces we recommend [47], [61, Ch. I]. 
The standard reference for formal deformation theory is [122]. For us, complex spaces are 
assumed to be Hausdorff, but not reduced. 

Let An^ be the category of complex space germs (S,*) at *. The objects of this 
category are pointed spaces (S,*) and the morphisms are equivalence classes of morphisms 
dehned in an open neighbourhood of the distinguished point. For any (S,*) e An^, a 
deformation of a complex space A is a proper, flat morphism f '■ X ^ S with f~^{*) - A. 
Two deformations are equivalent if they coincide on an open set about the distinguished 
point *. 

Definition 2.2.1. A deformation (j) '■ X ^ S oi a compact complex space A is called 
complete, if, for any other deformation if '■ y ^ B oi X, there is a morphism of germs h ■ B 
S such that the pullback deformation h*(f ■ Xb B is equivalent to if. The deformation 
(f is called versal, if it satisfies the following stronger condition: for any deformation if as 
above and for all closed embeddings 


i : (A, *) {B, *) 
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of germs together with a morphism 


7 : (A,*) ^ (S,*) 

such that the pullback 7 *(/> : ->• ^4 is isomorphic to Til) '■ Xa A, then there exists a 

morphism h ■ B S, such that : Xb B is isomorphic to 'll) ■ y B, and in addition 
^ = hoi. 

Note that there are no uniqueness assumptions on the morphism h. A versal deforma¬ 
tion (f)'. X ^ S is called semiuniversal if the differential 

Dh:T{B,*) ^T{S,*) 

between the tangent spaces at * is independent of the choice of h. A complete deformation 
(p ■ X ^ S with the property that the morphism h as above is unique is called universal; 
it is automatically versal. Be aware that many authors use the term versal to describe 
deformations which we are merely calling complete. The above definition is that used 
in [61, II. 1.3], [50] and others and is required to ensure that versality behaves well with the 
corresponding notion for formal spaces and to ensure that versality is an open condition. 

One of the fundamental results in the deformation theory of complex spaces is the 
following, [50, II. 8 .3]: 

Theorem 2.2.2 (Douady, Forster-Knorr, Grauert, Palamodov). Any compact complex 
space X admits a semiuniversal deformation. 

Any compact complex space X has a deformation-obstruction theory which is described 
by a complex T*{X), see [116, Ch. 2.3]. The vector space T^{X) parametrises deformations 
of A, whereas T^{X) gives a group of obstructions. If A ^ S' is a semiuniversal deformation 
of X, then the germ S can be described locally near the origin as the zeroes of a holomorphic 
map (j) ■ V ^ T^{X), where V £ T^(A) is an open neighbourhood about 0 e T^{X). In 
particular, dim(S, *) > dimT^(A) - dimT^(A). Moreover, the set of points in s e S such 
that A ->• S remains versal at s is Zariski open, [18, Thm. 7.1]. 

For any complex space S, let Ans be the category of complex spaces over S. Let X ^ S 
be a morphism of complex spaces. There is a functor 

Hilb(A/S) : Ans {Sets} 

defined by setting Hilb(A/S)(Z) equal to the set of subspaces V X xgZ which are proper 
and flat over Z. The following key result is due to Douady in the absolute setting and 
Pourcin in the relative case: 

Theorem 2.2.3 ( [44], [119]). Let X ^ S be a morphism of complex spaces. Then the 
functor Hilh{XlS) is representable by a complex space over S. 
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The complex space Hilb(X/5) is called the Douady space. The construction of Hilb(X/5) 
has a very different flavour to the algebraic construction of the Hilb functor. 

Let f '■ X ^ Y he a morphism between compact complex spaces. A deformation of / 
over the germ representative (S,*) e An^ is defined to be a diagram 


x-^y 



where F,g,h are morphism with g,h flat and proper, and such that the diagram reduces 
to / at * € S. Two deformations of / are equivalent if they coincide in an open set about 
* € S. Morphisms between deformations of / are defined in the natural way, [50, I.3.D]. 
Define the functor 

Def(A,/, y) : ->• {Sets} 

by sending S to all equivalence classes of deformations of / over S. This functor admits 
a deformation-obstruction theory in the sense of [50, I.4.D], [24, § 6 ]. For any deformation 
a € Def(A,/, y)(5), this deformation obstruction theory is specified by functors 

T}{a) : Cohcig_^ ^ Coho^ ,^ 

between the categories of coherent Os,* modules, see also [24, §7.4]. We define 

r;:=r;(ao)(c); 

where uq is the trivial deformation of /; this is a C vector space. Note that there is a 
canonical isomorphism T}(a)(C) T} for any i and any deformation a e Def(X, /, Y){S), 
[50, Satz 1.3.22]. 

We call an element a e Def(X, /, Y)(A) versal if for any b e Def(A, /, Y)(B) and a pair 
of a closed immersion i ; (C, *) ^ {B, *) of germs and a morphism 7 : (C, *) {A, *) of 

germs with i*b - ^*a, then there exists a morphism 

h-{B,*) ^ (A,*) 

of germs such that h*{a) - b and /i o i = 7 . A versal deformation a is called semiuniversal 
if, in the above situation, the differential 

dh-.T{B,*)^T{A,*) 

is independent of the choice of h. The following is [50, II. 8 .3]: 

Theorem 2.2.4 (Flenner). If f '■ X ^ Y is a morphism between compact complex spaces, 
then f admits a semiuniversal deformation. 
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Proof. From [50, Satz III.8.1] or [51, Satz 5.2] it suffices to show that there exists a versal 
deformation of /. The graph of / gives a closed immersion F c X x y. Pick semiuniversal 
deformations X Ai, y ^ A ‘2 of X, Y. There is an open subset U A 1 XA 2 of the relative 
Douady space HilbAixA 2 {^ ^ 3^) parametrising morphisms ft-Xt^ Yt, by identifying the 
morphisms with their graph. The pull-back of the universal family over HilbAixA 2 {^ ^ 3^) 
via U c HilbAxxA 2 {^ ^3^) gives a versal family. □ 

The above semiuniversal deformation remains versal in a Zariski-open subset about 
* e 5, [50, Kor. 1.4.11, Satz III.8.1], also see [51]. 

Fix a semiuniversal deformation a € Def{X, f,Y)(S) of /. As in the case of defor¬ 
mations of compact complex spaces, one can give a local description of the base S of 
the semiuniversal deformation a. The following dimension bound is a direct application 
of [24, Cor. 6.11]. 

Proposition 2.2.5. Let f ■ X ^ Y be a morphism between compact complex spaces, and 
let 

a€Def{XJ,Y){S) 
be a semiuniversal deformation. Then 

dim(5, *) > dimTj - dimTj. 

Remark. In fact, for the above dimension count, a need only be a formal semiuniversal 
deformation, as defined in [24, §6]. 

We now consider the case f : D ^ X is a stable map from a nodal curve to a projective 
K3 surface, with f{D) one-dimensional. In this case, we have 

r{D) = Exti,(F!D, Od), T\X) = H\X,Tx), 

where the first equality is just the statement that the cotangent complex of a nodal curve 
D is the sheaf Ll£,. There is a long exact sequence 

0 ^ T^{DjX) ^ ^ T°(X) ^ T^{DjX) ^ Tj ^ T^(X) ^ ... (2.1) 

where the C vector spaces T^^DjX) fit into the long exact sequence 

0 ^ T^{DIX) ^ T^{D) ^ H^{D, f*Tx) ^ T^iDjX) ^ T^{D) 

^H\D,rTx)^ ... 

see for example [116, §4.3, §4.5], [50, Satz 1.3.4], [18, 5.13] (for the second sequence) and [61, 
Appendix C]. ^ 

The following calculation is taken from [86, Prop. 4.1]. 

similar sequence appears in the well-known paper [120] which takes a very different approach using 
non-commutative algebra. Its appears, however, that Ran’s use of the cotangent sheaf needs to be replaced 
with the cotangent complex for his results to hold in the claimed generality (this makes no difference in our 
situation). 
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Proposition 2.2.6. Let f ■ D ^ X be a stable map from a nodal curve to a projective K3 
surface, with f{D) one-dimensional. Then we have the following bounds 

dimTj - dimT| = 19+ p(L)) (2.3) 

dim - dim >p{D)-l (2.4) 

where p{D) denotes the arithmetic genus of D. 

Proof. Since / is stable, T^{D) H^{D, f*Tx) is injective. Since we further have T^{X) = 

0, this gives Tj? = 0. To compute this, we follow [7, p. 62ff. ]. A power of the ample bundle 
ojd ® f*OD{i) is very ample and hence it induces an embedding 

j : 

for some integer N . The diagonal S := (f,j) then gives a second closed immersion 

S : xX. 

As D is nodal, D is in particular a reduced, local complete intersection curve. Thus these 
two embeddings induce two normal bundles on D, namely Xj^pjv and A'^jpjVxx- We have 
a short exact sequence 

0 ^ ^ ® (^pjv)i^ ^ 0. 

Taking the long exact sequence of Ext( , On) gives 

dimr)(, - dimT^ + dimT|, = x(f*Tx) + x((Tpiv)|^) - x(-^n,p^xx)- 

In fact, T|) = H^(Txt^(fl£), On)) by the local-to-global spectral sequence for Ext, and since 
Txt^(Qn, On) is supported at the nodes of D we have T^ = 0, but we will not use this. 
From equation (2.2) we get 

<TimT\DlX) - d\uiT\DlX) + RmT^DlX) = x((Tpiv)|^) - x{Nn^pN,,x) 

Combining this with the exact sequence (2.1), then gives 

dimTj -dimT| = x(A^d,p^xx) “ x((i?pJv)|o) + 20. 

It now suffices to determine degA'^)piv^x; as then x{^n,p^xx) and x((i?p^v)|^) can be 
readily computed using Riemann-Roch and the Euler sequence. There is a short exact 
sequence 

0 ^ f*Tx A^d,p^xX ^ ^ 0 

and thus degA^^ipjVxx = degA^jpAr since A is a K3 surface. For an embedded local 
complete intersection curve D £ F^ , we have 

deg A^) pjv = (A + 1) deg A + 2p{D) - 2 

from [7, p. 63], which allows one to finish the computations. □ 
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Following [24, §7.4], we now define a “restricted” version of the Def{X,f,Y) functor, 
which only allows chosen deformations of Y. Let f '■ X ^ Y he a morphism of compact 
complex spaces. Fix a representative of a complex space germ (B, *) e An^ and a flat 
deformation h ■ y ^ B oi a compact complex space Y. Let be the category of 

germs over (B,*). Define 


Deih{X,f,Y) : Auf^s,*) ^ {Sets} 

as follows. For any morphism of germs j ■ {A, *) ->• (B, *), let La ■ Ya ^ ^ be the pull-back 
oiy ^ B under j. Then Deih{X, /, Y){A) is defined to be the subset of Def{X, /, Y){A) 
consisting of deformations of / such that the induced deformation of Y is La ■ Ya A. In 
other words, DeihiX, f,Y)(A) is the set of equivalence classes of diagrams of the form 

A^-^Ya 

c 

A 

which reduce to / at the distinguished point * e A. Morphisms between objects are defined 
in the natural way, as are versal and semiuniversal deformations. The proof of Theorem 
2.2.4 similarly shows that Def/i(X,/, T) has a semiuniversal deformation. 

The next lemma is rather obvious. 

Lemma 2.2.7. Assume the compact complex space Y admits a universal deformation h : 
y B over a germ (B,*). Then any semiuniversal deformation a e Def{X, f,Y){S) may 
be considered as a semiuniversal deformation for the deformation functor Deffj^{X, f,Y). 

The following lemma is straightforward. 

Lemma 2.2.8. Let j ■ {B, *) ->• {A, *) be a morphism of complex germs, let h ■ Y A be 
a flat deformation of a compact complex spaee Y, and let hs ■ Yb B be the pullbaek of 
h under j. Let a e Defy^{X, f ,Y){S) he a semiuniversal element, over the base k ■ S ^ A. 
Let pri ■■ S xa B ^ S denote the projeetion. Then 

b:=prla€DefljXJ,Y){SxAB) 

provides a semiuniversal deformation for Defj,^^{X, f,Y). 

Proof. Versality is an easy application of the universal property of the fibre-product, [61, 
Def. 1.1.46]. We omit the proof. We denote by H e .An* the double point at i.e. the 
germ associated to the analytic C-algebra C{t}/(t^); this has a one-dimensional tangent 
space spanned by e. For any complex space germ (W,*) there is a canonical identification 
between the tangent space T(W,*) and the vector space of morphisms r '-T^^W given by 
r !->• dr{e). Let c e Tieihg{X, /, Y){C) be a deformation over a base I ■ C ^ B, v -T^ ^ C 
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any tangent vector and let qi ■ C ^ S B for i = 1,2 he B-morphisms such that q*b = c. 

We need to show that qi o v = q 2 o v (or equivalently dqi{v) = dq 2 {v), identifying v with a 
tangent vector). 

We have qlpr\a = q*h = cIoy i = 1, 2 . Since cis asemiuniversalelement for Def/i(X, /, Y){S), 
we have pri o q^ o v - pr 2 o q 2 0 v. Set a ■= pri o q^ o v ■ ->• 5 and set /3 '■= I o v ■ R ^ B. 

Then both qiov and q2 0v tit into the commutative diagram; 



The universal property of the fibre product then implies qi ov = q 2 0 v. □ 

We now restrict to our setting. Suppose h ■ X ^ B is a, flat family of deformations of 
the K3 surface X. Let f '■ D ^ X he a stable map with f{D) one-dimensional. There is a 
deformation theory of Deih{D, f,X), relative to h, described by the vector spaces T^^DjX) 
from Equation (2.2). This gives the following, see [24, Cor. 6.11, §7.4] (also compare with 
the discussion in [78, §2]). 

Proposition 2.2.9. Let h ■ X ^ B is a flat family of deformations of the K3 surface X 
and let ae Def^{D, f,X){S) he a semiuniversal element. Then 

dim(S', *) > dimil -i- dimT^(il/X) - dimT^{DjX). 

We have implicitly used there the fact that, in the notation of Buchweitz-Flenner: 


dimrL/~(0^) = dimT^/^(Oz)) 


for any deformation F '■ T> ^ X ot f. This follows, for instance, from the long exact 
sequence [50, Satz 1.3.4] and base change [50, Satz 1.3.22], [18, (5.14)]. 

We now return to the Deligne-Mumford stack By seeing this as an algebraic 

stack, it comes with the “standard” deformation-obstruction theory [15], [14]. This leads 
to the bound 

dim > 18+ p( 5 (. A:) - n (2.5) 

which is perhaps most easily seen from the description of as a quotient of a relative 
Hilbert scheme, cf. [7, §10]. 

It is a well-known fact that Bound 2.5 is not optimal. For instance, applying it to the 
case of rational curves in primitive classes, i.e. k = 1, p{g, k) = n, it would suggest that there 
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is an 18-dimensional divisor in the space Bg of primitively polarised K3 surfaces admitting 
a rational curve in the linear system induced by the polarisation. This does not sit well 
with the result of Mori-Mukai stating that all primitively polarised K3 surfaces admit 
(possibly non-reduced) rational curves in the class of the polarisation, [106, Appendix], 
The solution to this problem comes by considering all deformation of the K3 surface X 
and not merely the algebraic ones. 

We firstly need a simple lemma about complex spaces. 

Lemma 2.2.10. Let S be an irreducible, reduced complex space, and x € S a point. There 
exists a holomorphic map 

z : S 

where A c C is a disc about the origin, sueh that 2 :( 0 ) = x and sueh that there exists a 
nonempty, analytically open set c A with z{y) lying in the smooth locus of S for all 
y e A°. 

Proof. Let m = dim S'. If m = 0 the result is trivial, whereas for m = 1 the result follows 
from the existence of normalisations of reduced complex spaces, [61, Thm. 1.1.95]. Assume 
m > 2. By the Local Parametrisation Theorem (e.g. [131, Cor. 4.6.7] or [65]), there exists 
an open neighbourhood U £ S about x, an open neighbourhood V C™ about the origin 
and a finite morphism n ■ U ^ V, such that tt{U) contains an open subset about the origin 
and 7r(x) = 0. Pick a point v €V near the origin and outside of the branch locus (which is 
a proper closed analytic set), and a line L from the origin to v. By considering L as the 
zeroes of a holomorphic function C™' ^ and applying [61, Prop. 1.1.85], there exists an 
irreducible, one-dimensional analytic subset A c [/ containing x and such that 7r(A) c L. 
Since the restriction : A ->• L has isolated fibres it is locally finite, [61, Thm. 1.1.66], and 
hence 7r(A) contains an open subset of L about the origin. In particular, 7r(A) contains 
points outside the branch locus. Let A^ed denote the reduction, and then take A to be an 
open disc over x in the normalisation of A^ed- Then A has the desired property. □ 

We now need a proposition about the topology of nodal curves. The main idea we need 
is that of oriented real blow-ups. These occur naturally in the study of degenerations of 
surfaces, [118, Pg. 33-35]. They have become a standard tool in logarithmic geometry and 
Teichmiiller theory, see e.g. [83, Pg. 404], [81], [102, §2], [72, VI]. We follow the presentation 
from [1, §8.2]; also see [9, X.9] and the unpublished manuscripts [82, §2], [57]. 

Let A be a topological space, tt : L X a complex line bundle and s ■ X ^ L a section. 
Choose local trivialisations (tt, (p) : L ^ X x C. We start with the set 

Bl,s{X) ■.= {UL\ m)\■ {fsn){l) = fl • \i<Ps7r){l)\}. 

This space is invariant under the C* action and glues to give a well-defined topological 
space over X. Further, it contains the zero-section and is invariant under the natural M>o 
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action. Let ^(X) c Bl^s(X) denote the complement of the zero section and define the 
simple real blow-up,^ denoted SiBli^si^), by 

SiBlL,s{X) := 

This comes with a proper morphism of topological spaces vr : SiBli^siX) ->• X, which is 
a homeomorphism away from the zeroes of s and an oriented bundle over Z{s). We 
have the following functorialities. Let p -Y X he a continuous morphism, then there is 
a homeomorphism 

SiBlL,s{X) xxY^ SiBlp*L,p*s{Y). 

Next let Li,... ,Ln be complex line bundles on X with sections Si, and L = Li 0 ... 0 L„ 
with section s = si 0 ... 0 Then the multiplication 

Li xx L 2 . ■. xx Lji ^ L 


induces a map 


SiBlL,,sAX) XX... XX SWIl^^sAX) - SWIlAX). 

Now assume that X is a complex manifold and that Z) is a smooth divisor, defined by a 
section s of a holomorphic line bundle L. In this case SiBl^AX) has the structure of a 
real analytic manifold with corners (for more on this notion see [98, Pg. 363]). If C/ £ 
is a local chart for X, and if s is locally the function s'.U ^ C on [/, then we can describe 
SiBliAX) locally as the set 

{(x,r) eU X \ s(x) = |s(x)|r}, 

where S^ denotes the unit circle in the complex plane. Now assume X is a complex manifold 
and D = Di u ... u Dk is a union of smooth divisors with normal crossings. Let L - 0{D), 
and Li = Od^, and let Si e H^{X,Li) define Di, with s = si0.. .0Sfc. We define the oriented 
real blow up of X at Z) to be 

BIlAX) ■.= SiBlL,,sAX) XX... XX SWIl^sAX). 

In fact, if D is any normal crossing divisor, meaning it has the above form locally but 
not necessarily globally, then can one define the real oriented blow up by glueing together 
charts of the above form, but we will not need this. BIl^d{X) is an analytic manifold with 
corners, which comes with a proper map p ■ BIl^£){X) X (use [21, Prop. 10.1.5 d] to 
see properness). It has the following local description: for a small open U £ X, p~^{U) is 
given by 

{(x, Ti, ..., Tfc) eU X I Si{x) = \si{x)\Ti for all 1 < i < k}. 

^This is denoted BIol,s{X) in [1]. We are choosing the notation to emphasise the difference with the 
full oriented real blow up. 
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If n = dim(C/), then these local patches are real-analytically isomorphic to 

(5l)^x[0,e)^xA^^ 

where is an e-disc in see [9, Pg. 150]. Note that is related but different 

to SiBli^si^)] indeed if all divisors pass through the origin then the first has central fibre 
whereas the second has as the central fibre. 

The payoff for all these definitions is that we can now state the following remarkable 
result, due to E. Looijenga. 

Theorem 2.2.11 (Looijenga). Let C ^ T be a Kuranishi family of stable marked curves. 
Let ^ B he the origin, and let pi,... ,pk be the nodes in the central fibre. Let Di,... ,Dk be 
the divisors in T corresponding to deformations which preserve the node pt. Let D be the 
normal crossing divisor Hi u... uH^. and L = Ot{D) with s e H^{T, L) the section defining 
D. Then there is an analytic manifold with corners Z, an analytic fibration Z BIl^s{T) 
with fibre a fixed orientable Riemann surface S, and a surjective, continuous map X: Z ^ C 
giving a commutative diagram 

Z -^- >C 

9 

BIl,s{T)^T. 

For each point p e BIl^s{T), the induced map on fibres 


Xp : Yj - Zp 


is a diffeomorphism away from the nodes ofCp. 

Proof. See [102, §2]. For the analyticity statements, see [9, Ch. X.9, XV.8]. □ 

In other words, one can perform simultaneous real resolutions of families of nodal curves, 
after modifying the base, in situations where one could not possibly perform simultaneous 
resolutions of singularities in the complex category. This is illustrated in Figure 2.2, which 
illustrates a family of smooth quadrics degenerating to a nodal quadric. By Teichmiiller 
theory, all degenerations to nodal curves occur by pinching finitely many loops in this 
fashion. 

Whilst families of cycles work well in the algebraic setting (see [53, Ch. 10]), they seem 
to be much harder to work with in the case of analytic families of singular complex spaces. 
We will circumvent this problem using Theorem 2.2.11. Let f : D ^ X he a morphism 
from a nodal curve to a K3 surface, and let D be the normalisation and f ■ D ^ X the 
induced map. We define 

ffD-.= f.DeH2{X,Z). 
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reaf resofution 



Figure 2.1: A degeneration of a smooth quadric to a nodal curve via pinching a loop. The 
lower cylinder illustrates the real resolution locally. 
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Before we proceed we will prove two easy lemmas from topology. The first one is 
standard. Let X be an n-dimensional, compact topological manifold with boundary and 
connected components Xi, 1 < i < k. Recall that the compact manifold with boundary X is 
called orientable if the (possibly non-compact) open manifold X - dX is orientable. If we 
assume that X is orientable, then Lefschetz duality gives isomorphisms Hn{Xi,dXi;'L) 
H^{Xi,'L) ^ Z, [69, Thm. 3.43]. In particular, 

Hn{X,dX]Z) 

The point of the next lemma is to describe this isomorphism slightly differently. 

Lemma 2.2.12. . Let X be an n-dimensional, compact topological manifold with boundary 
and connected components Xi, 1 <i < k. For each i, let Xi & Xi be a point in the interior 
and let Ui Xi be a small, contractible, open neighbourhood of Xi. Assume X is orientable. 
Then there are isomorphisms 

Hn{X,dX-Z)^ 0 Hn{Xi,Xi-Xi-Z)^ 0 Hn{Ui,Ui-Xi-,Z), 
l<i<k l<i<k 

induced by the obvious inclusions. 

Proof. We follow [69, p. 252ff ]. By excision Hn{Xi,Xi - Xi;Z) Hn{Ui, Ui - Xi]Z) Z. It 
remains to show that inclusion induces an isomorphism 

Hn{Xi,dXi-,Z) ^Hn{Xi,Xi-Xi-,Z). 

By [69, Prop. 3.42], there is an open neighbourhood Vi<= Xi containing dXi, together with 
a homeomorphism : 14 ->• dXi x [0,1) such that f^i{dXi) = dXi x {0}. We may choose 14 
so that Xi i Vi. By excision 

Hn{Xi,dXi-Z) ^ Hn{Xi,dXi X [0,1);Z) ^ Hn{Xi - dXi,dXi X (0,1);Z). 

Since the manifold Xi-dXi is orientable, applying [69, Lemma 3.27(a)] to the compact set 
A := Xi - Vi ^ Xi - dXi shows that the natural map 


Hn{Xi - dXi,dX, X (0,1); Z) Hn{Xi - dXi, {Xi - dXi) - Xi-Z)^Z 

induced by inclusion is surjective. Since Lefschetz duality gives Hn{Xi, dXp, Z) H^{Xi-,Z) ^ 
Z, this completes the proof. □ 

Let X be n-dimensional, compact topological manifold with boundary and connected 
components Xi, 1 < i < k. Assume further that X is orientable. An orientation class 
is then an element 0 e Hn{X,dX-,Z) which can be written as a sum of generators of 
Hn{Xi,dXi-,Z) ^ Z for each i. Note that we have 2^ choices for the orientation class, 
corresponding to a choice of sign for each component. 
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Lemma 2.2.13. Let A be an orientable n-dimensional, compact topological manifold with 
boundary and finitely many connected components and let B he an orientable, n-dimensional, 
compact manifold without boundary (possibly disconnected). Assume we have a surjective, 
continuous map f ■ A ^ B such that f{dA) B is a closed set and the restriction 

f : A-dA^ B- f{dA) 

is a homeomorphism. Assume that each connected component of f{dA) is homeomorphic 
to a topological manifold of dimension strictly less than n. Finally assume that if 

5 : Hn{A,dA;Z) ^ Hn-i{dA,Z) 

is the boundary map then 

/.o5(H) = 0eF„_i(/(aA),Z) 

for some orientation class H e Hn{A,dA;Ij). Then we can choose an orientation 0 e 
Hn{B,'L) such that 

^E^jQ€Hn{B,f{dAy,Z), 

where j : Hn{B,'L) ->• Hn{B, f{dA);Z) is the natural inclusion. 

Proof By the assumption /.^ o S{E) = 0, there is a 0 e Hn{B, Z) with /.^S = j0. It remains 
to show that 0 is an orientation class, or equivalently that for each connected component 
Bi of B, there is an element Xi € B such that the image of 0 under the natural map 
Hn{B,'L) ->• Hn{B,B - Xi;Z) is a generator. For any component Bi of B, let Xi e Bi, 
Xi i f{dA) and pick yi e f~^{xi). Now consider the natural commutative diagram 

Z{.=,} S' Hn{A, A — yf, Z) 

g 

Z{0}- >Hn{B,B-Xi-,Z). 

For small open subsets Ui resp. Vi about yi resp. Xi, the inclusions give isomorphisms 
Hn{Ui,Ui - yi;Z) ^ Hn{A,A- yi-,Z) and Hn{Vi,Vi - Xi;Z) ^ Hn{B,B - Xi;Z). Thus the 
assumption that / is a homeomorphism away from dA gives that the rightmost vertical map 
in the above commutative diagram is an isomorphism. Further, the topmost horizontal map 
takes S to a generator of Hn{A,A - yi;Z) by the previous lemma. The claim follows. □ 

We can now prove the previously mentioned result on the topology of stable maps. 
Proposition 2.2.14. Let A c C be a disc about the origin and let 




V 


F 
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be a flat family of morphisms, with g ■ V A a flat and proper family of nodal eurves of 
genus p and h ■ X ^ A a proper, smooth family of K3 surfaees. Assume Fq ■■ Vq ^ Xq is 
non-eonstant. Let (l)t '■ H^{Xt,h) ^ H^{Xq,X) be a holomorphic family of markings for t e 
A, with Poincare dual ft '■ H 2 {Xq,'L) ->• H 2 {Xt,'L). Then ^ H 2 {Xt,'L) 

for all t € A. 

Proof. It is enough to prove the statement locally on A. Using that a flat morphism of 
complex spaces is open, [47, §3.19], and the implicit function theorem [74, Cor. 1.1.12], we 
assume we have markings s* : A ->• P, so that T> becomes a family of m-pointed stable 
curves, for some m. Let vr : C ->• T be a Kuranishi family of stable, m-pointed genus 
p curves. Shrinking A if necessary, the universal property of Kuranishi families gives a 
morphism j : A ^ T. 

Let Di be the divisors from Theorem 2.2.11, set Lj = OT{Di), Si e H^{Li) the sections 
defining Di. Then assume j*Si = 0 for 1 < i < m (allowing m = 0), and j*Si = t^' for 
m+1 < i <k (allowing m = k). Let M e Pic(A) be the line bundle associated to the degree 
one divisor 0. By the functorialities of the simple real blow-up and composing with the 
obvious diagonal maps we have, if m ^ 0, a map 

SiBlMfl{A) BlLi,siiT) .. .XT BlL„,,smi'^) 

and, if m ^ /c, a map 

BlM,t{^) ^ XT ... XT BlL^^SkiT). 

Let B denote SiBlM,o{A) in case m = k, BlM,t{^) in case m = 0 and SiBlMfl{A) x^ 
BlM,t{^) if m ^ 0, m ^ A:. Then we have a continuous map 

B ^ BIl,s{T) 

and a surjective projection n ■ B ^ A. Shrinking A if necessary we can explicitly write 
down the map vr. If m = A: it is the projection 

5 I xA^ A. 

If m = 0 it is 

[0, e) X ^ Ae 

(x, r) !->• XT. 


Lastly, if m ^ 0, m ^ A:, it is 


[0, e) X X 5^ ^ A, 
(x, r, a) ^ XT. 
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From Theorem 2.2.11, we can form a commutative diagram of topological spaces 

Zg-^v 

9 

with all maps surjective. For any point q e 7r“^(0) there is an open subset U £ B about q 
such that h~^{U) is homeomorphic to S x 17 (as fibre bundles). Let 0i e i72(S,Z) be an 
orientation class on S. Then, for any p€U over t € A sufficiently close to 0, we have 


h 


{Ft o Fp).0i = UiFo o F,).0i) e H2{Xt,Z), 
by homotopy invariance. It suffices to show that 


{Ft ° Fp).^0l - ±F^^LDt 

for any t e A (including f = 0) and p e 7r“^(t). Indeed, assuming the above equation, we 
can pick the orientation on S to ensure {Fq o Fg)*0i = F^^Vq. We claim that we now have 
{Ft o Fp).^0l = F^^tFt for all t close to 0. Suppose there is a t with {Ft o Fp).^0l = -F^^tFt- 
Let w be a Kahler form on Xq and let cat •= be the corresponding Kahler form on 

Xt. Then {{Ft o Fp).^0i • cat) = {{Fq o Fg).^0i • ca) = {F^^Vq • ca) > 0, where the pairing is 
given by the cap product (since Fq is by assumption non-constant). For any holomorphic 
map f ■ C ^ Xt from a smooth, projective curve C, one has {f*C ■ cat) = Jc ^ 0. Thus 
{-F^^tFt -ojt) < 0 by definition of F^^tFt, giving a contradiction. 

Let a ■ Dt ^ Vt^^ the normalisation and let F £ be the smooth locus. By definition, 
F^^tFt = F^^t{Dt). Let Dt he the reduced divisor over the nodes, defined by a section 
se77°(A,b(i?)). Define 

S := BlQ(^ji^ g{Dt). 

We have a commutative diagram 

S— 

Ft 

E^^Xt 

from Figure 10, [9, Pg. 152]. As is explained in [9], E is an oriented manifold with boundary 
and jj, is obtained by glueing circles in the boundary which have opposite orientations. 
This means that if H e H2{E,dE;7j) is the orientation class on the (possibly disconnected) 
manifold with boundary E, then o (5(H) = 0 e Hi{p{dE),'Z), where 

6 : H2{E,dE;Z) ^ Hi{dE-,Z) 
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is the boundary map. Thus there is an orientation class 0i e i72(S,Z) on S such that we 
have i(0i) = e i72(S, |u(flS),Z), where 

i : 772(S,Z) ^i72(S,/i(5S);Z) 


is the natural inclusion, by Lemma 2.2.13. Let 02 e H 2 {Dt,'L) denote the orientation class 
on the (not-necessarily connected) complex manifold Dt. Since = 0, we have 

^'( 02 ) = where ^ ^ 

i':H2{Dt,Z)^H2{Dt,R-,Z) 


is the natural inclusion (here the sign depends on the choice of orientation on S). Thus we 
have 

(Ft orp).(i(0i)) = ±Ft,.(i'(02)) e F2(Tt,Ft(F);Z). 

The natural inclusion 


j : H2{Xt,Z) ^ H2{Xt,Ft{R);Z) 

is an isomorphism since dim(Ft(F)) = 0, so this completes the proof. 


□ 


Remark 2.2.15. Assume that the central fibre Xq is projective and (Fo,*Fo)^ > 0. Then the 
above result can also be shown in a more algebro-geometric way. Consider the coherent 
sheaf of Ox modules F^Ox>- It is easy to see that this is a flat module over the smooth 
curve A. Indeed this is equivalent to showing that F^Ox> is torsion free h*Ox module, 
which follows from the fact that Ox> is flat (hence torsion free) over A. Following [19, §3a], 
one can construct the determinant of a coherent sheaf on a complex manifold, in a similar 
manner to the algebraic construction of [90]. Applying F* to the short exact sequence 


0 ->• Oxi Odi 0 


gives an exact sequence of coherent sheaves on Ox> 

0 ^ {F,Ov)t ^ F,{Ov,) ^ R^F.Ov ^ . 


Now Irml) is a coherent sheaf supported on a zero dimensional subset of Dt-, so it has trivial 
determinant. Thus there is an isomorphism det((F.^Ox>)^) - detF.^^tOx't oI sheaves on Vt- 
The determinant is constructed by glueing together determinants of local free resolutions, 
and this gives readily that if F is a coherent sheaf on A, flat over A, then 


det(Ft) (det(F))t. 


This now gives 

ci{{<lei{F^OT>))t) = ci{<leiF^^tOvt)- 

Using Ehresmann’s theorem, we now see that X admits a holomorphic line bundle C with 
(Fi)^ constant and equal to (det F^^qOdq')^■ If we assume Xq is projective, then, as we show 
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below, Grothendieck-Riemann-Roch shows that ci(det identified with Fq^^Vq 

under Poincare duality. Furthermore, if (Fo,*^o)^ > 0, then all fibres At must be projective 
(see e.g. [73, Rem. 8.1.3]), and Grothendieck-Riemann-Roch gives that ci(detis 
identified with allowing one to conclude. 

We now give the details of the GRR calculation. Let g ■ C he a morphism from a 
nodal curve to a projective K3 surface with one-dimensional image. We need to show that 
{ci{g^Oc) • a) = {g*C ■ a) for any a e Pic(y). Let g : G ^ C be the normalisation of C 
and g ■ C ^ Y the induced morphism. Let Ci,, Cm be the connected components of C 
and gi ■ Ci Y the induced maps. Assume gi has one-dimensional image for i < m' and 
zero-dimensional image for m' < i < m. We have {g*C ■ a) = deg 5 r*(a). There is an 
inclusion 

Oc IJ-*Oq 

which is an isomorphism away from the nodes; after pushing forward to the surface this 
gives ci{g>tOc) - ci{g>tO^) ^ It thus suffices to consider the case that C 

is smooth and connected with one-dimensional image. In this situation, GRR applies and 
gives 

ci{g*Oc) ■ a = [ch{g^Oc)td{Y)]i ■ a 
= [g^{chOctd{C))]i ■ a 
= g^{chOctd{C)) ■ a 
= chOctd{C)-g*a 
= degg*a, 

where the second last line follows from the projection formula. 

We can now prove the main result of this section. 

Theorem 2.2.16. Every component of the Deligne-Mumford staek has dimension at 
least 19 + p{g, k) - n. 

Proof. Let A be an etale atlas for W”^. This is a scheme of finite type over C, since 
'^gk ^9 I® proper, so it suffices to show that, for any closed point * € A corresponding 
to a stable map f ■ D ^ X we have 

dimO_4^.^ > 19 +p{D), 

where denotes the completion. Let B ^ Bg he an etale atlas, this comes with a 

universal family hp ■ X ^ B of polarised K3 surfaces together with a closed immersion 
X ^ Pg for some integer N. Gonsider the universal family, 

T>—^ AU 


A 
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corresponding to Wgj^{A). Restricting to the completion gives a formal semiuniversal 
deformation a of f for the functor Defhp{D, f,X) restricted to formal complex spaces. 
Semiuniversal deformations (either formal or local) are unique up to non-canonical iso¬ 
morphisms, cf. [61, Lem II. 1.12], Thus it suffices to show that there exists a semiuni¬ 
versal element b of the functor T)efhp{D, f, X) such that the base of b has dimension at 
least 19 + p{D). Let h ■ X ^ Def(X) be the universal deformation of the K3 surface X, 
see [73, §6.2]. The complex space B is smooth of dimension 19, [125, Pg. 150-151]. Further, 
we have a closed immersion of germs about * 


j : B^Def{X), 


see [73, Ch. 6.2]. Choose any semiuniversal deformation of c e T)ef{D, f,X)(S). By Propo¬ 
sition 2.2.6, 

dim(5, *) > 19 + p{D). 

If c corresponds to the diagram, 

c : V 2 d :'2 , 



let 


TT : 5 ^ Def(X) 


be the morphism of germs given by the universal property of Def(X). From Lemma 2.2.7, 
TT allows us to consider c as a semiuniversal deformation of Defh{D, f,X). By Lemma 
2.2.8, b := prlc e Defhp{D, /, X){S XDef(x) provides a semiuniversal deformation for the 
functor Defhp{D,f,X). 

We need to show that dim 5 xpgfj'jj') B = dim(S', *). It suffices to show that (locally 
about *), we have the inclusion of sets 


tt{S)cB. 

By replacing the germ representative S with its reduction Sred and base-changing, it suffices 
to assume S reduced. It further suffices to show 

7r(5"™) c B, 

where is the smooth locus, since is open and dense and B £ Def(X) is closed. 
Replacing S with a small open subset about *, we may assume S has only finitely many 
components, and then for each component Si it suffices to show 


niSn^B, 


where S'!™ is the smooth locus. Thus we may assume S is irreducible. 
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Let 2 :; A ^ S' be as in Lemma 2.2.10, with A(0) = and consider the pull-back family 

F'2,A 

^ 2 ,A-^ 4:2,A • 

Q 

A 

Proposition 2.2.14 now shows that tt{z{A)) c B, since the proposition shows that the 1-1 
classes F 2 ^t*{T) 2 ,t) on X 2 ^t deform to f*{D) for t e A near the origin. Since the set z{A.) 
contains a smooth point of S, and the smooth locus of the irreducible complex space S is 
connected, applying Proposition 2.2.14 again shows B as required. □ 

Let X ^ S he a smooth, projective family of K3 surfaces over a smooth and connected 
algebraic variety S with a point 0 e S, and let C be an 5-flat, ample line bundle on X. 
Further, let A4 be any effective 5-flat line bundle on X, such that > 2 for each 

t e S. The theorem above can be generalised to the Deligne-Mumford stacks W{X,Ai,p). 
Recall the construction of the twistor-family^ [23, §3]. Let Ak?, denote the K3 lattice, and 
consider the period domain 

= {x e P(Ai ^3 0 C) : (x • x) > 0, (x)^ = 0}. 

Now, let (X, L) be a marked, polarised K3 surface, and let 11 e P denote the corresponding 
period point, in other words the point corresponding to the one-dimensional vector space 
hP'‘^{X) under the marking H^{X,'L) ^ Consider the plane 

defined by the span of {H, H, ci(L)} c 0 C. The intersection of Po,ci(l) with V is the 
smooth, projective, plane quadric 

= 0 I X e Vf2,ci(L)} 

called the twistor family. The twistor family has the following key property: 

Proposition 2.2.17 ( [23], Prop. 3.1). Let M be an effective divisor on X. Let Y, (j) : 
H^{Y,'L) Ak 3 be a marked K3 surface corresponding to a point y e Th,ci(L)- Then 
(j)~^{ci{M)) lies in H^’^{Y,'L) if and only if y e {11,11}, i.e. if and only ifY is either the 
marked K3 surfaee X or its complex conjugate. Further, if (M)^ > -2, then (f)~^{ci{M)) 
is an effective 1-1 class if and only if Y is the marked K3 surface X. 

Treat 5 as a complex manifold. Let Def(4:b) be the Kodaira-Spencer space of defor¬ 
mations of Xq. By the local Torelli theorem we have a local isomorphism 



Def(A’o) ^ V. 
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After replacing S with an (analytic) open set about 0, let 

p:5^Pcp(Aif3 0C), 

be the period map, see [73, Ch. 6.2], Shrinking S about 0 if necessary, the image of p lies 
in the hypersurface 

PnP(^) cP(A^3 0C), 

where I = ci{Co) e ^ Aks'SiC. If (/)^ = 2g-2, then we denote by TLg a small open 

set V nP(/-‘-) about /9(0); LLg is smooth and connected of dimension 19. Now let H '^'D be 
the holomorphic bundle over TL given by the union of twistor spaces 

U Tn,i. 

At least locally about 0, we construct a bundle n '■ S S and a morphism of P^ bundles 

p : s^ncv 

together with a section s ■ S S, with po s = p. We denote by X ^ 5 the pull back of the 
universal family of K3 surfaces under p. 

Theorem 2.2.18. Let h ■ X ^ S be a smooth, projective family of K3 surfaces over a 
smooth and connected algebraic variety S. Let A4 be any effective S-flat line bundle on X, 
such that > -2 for each closed point t e S. Then each component of W{X,Ai,p) 

has dimension at least dim(5) +p. 

Proof. This is similar to Theorem 2.2.16. Let 0 e S' be a point and / : H ->• X be a closed 
point of W{X,Ai,p) over 0. Let h ■ X S he the universal family of K3 surfaces over the 
twistor family S as above. Let a be a semiuniversal deformation of Defft(D, /, X); we have 
to show that the base of a has dimension at least dim(5) + p. From Proposition 2.2.17 
and the argument of Theorem 2.2.16, this reduces to showing that if 6 is a semiuniversal 
deformation of Def^(Zl,/,X), then the base of b has dimension at least dim(S') + p = 
dim S' + p-l. This is Proposition 2.2.6 together with Proposition 2.2.9. □ 

Remark 2.2.19. For an alternative proof of this theorem see [96, Thm. 2.4, Rem. 3.1]. This 
approach makes use of Bloch’s semiregularity map, [20], [103]. 

2.3 Deformation theory for an unramified map 

We now restrict ourselves to the case of unramified stable maps. This makes the deforma¬ 
tion theory much simpler to handle. 
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Let f ■ D ^ S he a stable map from a connected nodal curve to a smooth projective 
surface. If we assume that / is unramified, then the natural morphism 

rns - no 

of sheaves of differentials is surjective. We may thus define a normal bundle Nj e Pic(D) 
as the dual of the line bundle NJ defined via the exact sequence 

As in [125, §3.2], one may define a deformation functor describing those deformation of 
the stable map / which leave the target S fixed. If we let Def(/, S) be the vector space of 
deformations of / which leave S fixed, we have 

Bei{f,S) = h\D,Nf) 

and a space of obstructions is given by 

Obst(/,5) = h^{D,Nf). 

The following fact from [59, §2.1] will prove to be useful: 

Proposition 2.3.1. Let f ■ D ^ X be an unramified morphism from a conneeted nodal 
curve to a projective K3 surface and let B D be a connected union of components. If we 
let fs ■■= f\g, then 

where Y = B r\ D \ B. 

Proof. The second exact sequence for Kahler differentials gives a surjection 
0 which is an isomorphism outside Y. Thus we have a short exact sequence on B 

( 2 . 6 ) 

where T is a torsion sheaf, supported on Y. We claim that T Oy. Let p eY he a closed 
point. It suffices to show that the stalk Tp is isomorphic to the sky-scraper sheaf Op. Since 
Ob Ob is flat, where Ob denotes the completion, and D is nodal, it suffices to consider 
the case where D is the affine plane curve defined by xy = 0, B D is the curve x = 0 and 
p is the origin. But in this case Equation 2.6 boils down to the following exact sequence of 
A - k[y] modules 


0 ^ A< dx >lydx A < dx, dy yjydx A < dy 0. 


Since A < dx yjydx is isomorphic to the A-module k, this proves the claim. 
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Next, / is an unramified, hence stable, map to a projective variety, and so lod ® 
f*{Ox{3)) is ample. Thus we have a closed immersion D for some k. Since D 

is a reduced local complete intersection curve, we have a short exact sequence 

0 ^ (^Pfc)|£l 0, 

where is locally free. Thus admits a locally free resolution and so the line 

bundle det(n£))|^ is defined. Likewise, detfls is a well-defined line bundle. We have a 
short exact sequence 

O^Ob{-Y)^Ob^T^O, 
so detT Ob{Y) and Equation 2.6 gives 

det(f2£))|^ detQB{Y). 

The result now follows from taking determinants of the short exact sequences 

and 

0 ^ ^ - 0. 

□ 

Proposition 2.3.2. Let [(/ : D X,L)] € Wgj^ represent an unramified stable map such 
that h^{Nf) < p{D), where p{D) = p{g, k)-n denotes the arithmetic genus of D. Then for 
every irreducible component J £ containing [(/ ■■ D X, L)] the projection tt ■ J ^ Bg 
is dominant. 

Proof. We have seen that dim J > p{D) + 19 in Theorem 2.2.16. The fibre 7r“^([(X, L)]) 
may be identified with the space of stable maps into the fixed surface X, and thus each 
component of 7r“^([(X,L)]) containing [(/ : D ->• X,L)] has dimension at most hfi{Nj) < 
p{D), [59, §2.1]. Thus dim7r(J) = dimBg, so n ■ J ^ Bg is dominant (note that this also 
forces the equality h^{Nf) = p{D)). □ 

By using Theorem 2.2.18, one has the following, slightly different version of the above 
lemma. The proof is identical. 

Proposition 2.3.3. Let S be a smooth and connected algebraic variety over C. Let X ^ S 
he a projective, flat family of K3 surfaces. Let A4 be an effective S-flat line bundle, with 
> -2 for any t € S. Let [f ■ D ^ Xg] e yV{X,M.,p) represent an unramified stable 
map such that h^{Nf) < p. Then the projection tt : yV{X,A4,p) S is dominant near 
{f ■. D Xg]. Further, dimj W(X, C,p) =p + dim5. 
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The following is a generalisation of [78, Prop. 2.3]. ^ 

Lemma 2.3.4. Let f ■ D X be an unramified morphism from a connected nodal curve 
to a K3 surface, and let Nj denote the normal bundle of f. Assume that the irreducible 
components Zi,... ,Zs of D are smooth. Assume further that we may label the components 
such that Zi is connected for all j < s. Then h^{Nf) < p{D), where p{D) denotes the 
arithmetic genus of D. 

Proof We will prove this by induction on s. If D is irreducible, then by assumption D is 
smooth, so we have a short exact sequence of vector bundles 

0 - Td - fTx 

and taking determinants gives Nf ^ ojd- Thus h^{Nf) = h^{uD) = p{D)- Now let T := 
D \ Zs = U|7i Zi] this is connected by assumption. Let {pi,... ,pr} = Zs c\T. We have a 
short exact sequence 


0 ^ - ■■■-Pr) ^ Nf ^ ^ 0 . 

If S c L) is a connected union of components, and fs '■= f\g, Y := B r\ (D \ B), then 
Nfg(Y) = Nf^^ from Proposition 2.3.1. Thus 

h^{Nf) < + h^{ajzfipi + ■■■ +Pr))- 

By induction, h^{Nf.j,) < p{T), and further h^{ijjzfipi + . • ■+Pr)) = h^{Ozs{~Pi ■ ■ --Pr)) = 0 , 
so Riemann-Roch gives h^{iOz,,{pi + ■. ■ + Pr)) = p{Zs) + r - 1. Thus the claim follows from 
p{B)=p{T)+p{Zs) + r-l. □ 

Remark 2.3.5. It follows from the proof that the above result may be generalised as follows. 
Suppose / : 11 W be an unramified morphism from a connected nodal curve to a K3 
surface, and D = U|=i Zi where Zi is connected, but not necessarily irreducible or smooth, 
and with Z 2 , ■ ■ ■ ,Zs smooth (and with s > 1). Assume Zi is connected for all j < s, 
and <p{Zi), where /i ;= f\^^. Then h^{Nf) <p{D). 

Definition 2.3.6. We define 7^”^ £ '^gk open substack parametrising stable 

maps f ■ D ^ X such that D is integral and smooth and / is unramified and birational 
onto its image. 

We now need the following result on simultaneous normalisation of families of singular 
curves, which in this generality is usually attributed to Raynaud, generalising the results 
of Teissier, [132]. For modern treatments and further generalisations, see [29], [95, Thm. 
12]. 

■^There is a minor mistake in the proof of [78, Prop. 2.3]; the claimed isomorphism - 0{-l) should 

be replaced with as the sheaf is not torsion free. 
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Proposition 2.3.7 (Teissier, Raynaud). Let B he a normal, integral scheme of finite-type 
over C, and let 

f ■■ Cl ^B 

be a projective, flat family of relative dimension one with reduced fibres. Then there exists a 
simultaneous resolution, i.e. a flat family g ■ C 2 ^ B of relative dimension one with normal 
fibres, together with a finite map h ■ C 2 ^ Ci such that foh = g and the restriction morphism 

hb ■ C2,b Cifi 

is the normalisation map for each fibre over b € B. 

Lemma 2.3.8. Let f ■ D ^ X be an unramified morphism from an integral, nodal curve 
D to a K3 surface, with [(/ : D ->• X,L)] e and assume that f is birational onto its 
image. Then [(/ : D ->• X, L)] lies in the closure ofTg^,. 

Proof. Suppose there was a component of J of containing [(/ : D ^ X, L)] such that 
if [{f ■ D' ->• X',L')^ is general, then D' is nodal with at least m> 0 nodes. Replace J 
with the dense open subset parametrizing unramified maps, which are birational onto the 
image and such that the base D' is integral with exactly m nodes. Composing f' with the 
normalization D ^ D' gives an unramified stable map h ■ D ^ X'; thus we have a map 
G ■ J(C) ->• between the sets of closed points of the respective stacks. The fact 

that / is birational onto its image implies that for a general y e Im{G), G~^{y) is a finite 
set. Indeed, if y corresponds to the stable map h ■ D ^ X', then any element of G~^{y) 
corresponds to an unramified stable map h' ■ B ^ X', birational onto its image, where B 
is integral and has exactly m nodes and the normalization of B is D. Further, R g.: D B 
is the normalization morphism, then h' o p = h, by definition of G. As h' is birational onto 
its image, the set 


Z := {z € D \ There exists y i= z € D with h{z) = h{y)} 

is finite. Since h' is obtained from h by glueing m pairs of points in Z, there are only 
finitely many possibilities for h'. 

We claim that, at least after a finite base change, G is locally induced by a morphism 
of stacks. After replacing J with an etale cover, we may assume it comes with a universal 
family. Let J' ^ J he the normalization of J. Pulling back the universal family on J 
gives a family of stable maps over J'. In particular, we have a flat family V ^ J' oi 
nodal curves with exactly m nodes specializing to D'. Applying Proposition 2.3.7, we 
may simultaneously resolve the m nodes of the fibres of V to produce a family T> ^ J' 
of smooth curves, together with a morphism P ^ T> restricting to the normalization over 
each point in J^ By composing with the universal family of stable maps P ^ X, where 
A is a family of K3 surfaces, we produce a family of stable maps P ^ X over J'. By 
the universal property of this produces a morphism of Deligne-Mumford stacks 
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J' ->• which coincides with the composition G' of G with J' ->• J on the level of closed 

points. As this morphism is generically finite onto its image, the dimension of T^^^ is at 
least dim J' = dim J > p{D) + 19. But 7^”^™ is smooth of dimension p{D) - m + 19, so this 
is a contradiction. □ 

Proposition 2.3.9. Let [(/ : D X,L)] e ^^Pf^sent an unramified stable map 

such that h^{Nf) < p{D), where p{D) = p{g,k) -n. Assume furthermore that there is no 
decomposition 

D = [JD, 

i=l 

for t > 1 with each Di a connected union of irreducible components of D such that Di and 
Dj meet transversally (if at all) for all i j and such that for all 1 < i <t, f*{Di) e \miL\ 
for a positive integer m* > 0 (this is automatic if k = 1). Lastly, assume that there is some 
component Dj such that f\^ is birational onto its image, and if Di ^ Dj is any component, 
f{Di) and f{Dj) intersect properly. Then [(/ : D X,L)] lies in the closure ofTg^. 

Proof. We need to show that we may deform [(/ : D X,L)] to an unramified stable 
map [{f ■ D' X',L')^ with D' irreducible and smooth. We will firstly show that 
[(/ : D X,L)] deforms to a stable map with irreducible base. 

From Proposition 2.3.2, vr : ^9 dominant near [(/ : D X,L)]. Thus we 

may deform [(/ : D X,L)] to an unramified stable map [{f' ■ D' ->• X',L')], where 
Pic(X^) ’LL'. For any irreducible component Z c Df f({Z) e |ajL^| for some integer 
Oi > 0. Given any one-parameter family 7 (f) = [{ft ■ Dt ->• Xt,Lt)] of stable maps with 
7 ( 0 ) = [(/ : D X,L)], then, by the Zariski connectedness theorem, after performing 
a finite base change about 0 if necessary the irreducible components of Dt for generic t 
deform to a connected union of irreducible components of as t ^ 0 (see [128, Tag 0551] 
and [101, Cor. 8.3.6]). Thus the condition on D ensures that [(/ : D ->• X,L)] deforms to 
an unramified stable map of the form [{f : D' X',L')] with D' integral and nodal. 

We will next show that [(/ : D X, L)] deforms to an unramified stable map of the 
form [{f : D' X',L')] with D' integral and nodal and such that f' is birational onto 
its image. By Lemma 2.3.8, this will complete the proof. Let S' be a smooth, irreducible, 
one-dimensional scheme with base point 0 , and suppose we have a diagram 

V—^X 
•"■2 
5 

with g proper, tti, 7 r 2 flat and with gs'-Vg^ Xg an unramified stable map to a K3 surface 
for all s, with go = f and such that Dg is integral for s 0. By Proposition 2.1.10 there is an 
5-flat line bundle L on X, with To = kL and that the cycle g*{T>) ~ T is a relatively effective 
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(Cartier) divisor. So the cycle g*{'D) may be considered as an S'-relatively effective divisor 
T) ^ X. By the assumptions on / = qq, the irreducible surface V is reduced on a dense 
open subset meeting f{Dj), which forces gs to be birational for s near 0 (as if deg(5s) = d, 
Vs = dgs{Vs)). □ 



Chapter 3 


Constructing elliptic K3 surfaces 


The goal of this chapter is to offer two different ways to construct elliptic K3 surfaces with 
many special properties. These special surfaces can then be used in deformation arguments 
to gain insight on the properties of singular curves on general K3 surfaces. We start with 
the following definition from [105]; 

Definition 3.0.10. A minimal elliptic surface over is an integral smooth surface S 
together with a surjective morphism vr : 5 such that: 

1. The general fibre of tt is an elliptic curve. 

2. There are no (-1) curves in the fibres of vr. If in addition tt has a section s ; P^ ->• S', 
then we call S a minimal elliptic surface over P^ with section. If tt defines a minimal 
elliptic surface over P^ with section, and we further have that all fibres of tt are 
integral, then tt is called a Weierstrass fibration over P^. 

We will be mostly interested in the case S' is a K3 surface. In this case the word “minimal” 
is vacuous, so we will simply use the term elliptic K3 surface to denote a minimal elliptic 
surface S' over P^ such that S' is a K3 surface. 

In this chapter we discuss the two main techniques to construct elliptic K3 surfaces. 
In Section 3.1 we describe how the Weierstrass equation can be used to very explicitly 
construct such surfaces. We will give several interesting examples of this construction. 
In Section 3.2 we will use the Torelli theorem for K3 surfaces to show that many elliptic 
K3 surfaces exist with prescribed Picard groups. In contrast to the first approach, this 
only gives an implicit construction of elliptic K3 surfaces. In practice, however, one is 
nevertheless able to extract much geometric information out of the Torelli procedure. 

3.1 Constructions via the Weierstrass equation 

We start by reminding the reader of some elementary classical theory on elliptic curves. 
Any integral curve over C of arithmetic genus one can be realised as a plane cubic. After 
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a coodinate change, this plane cubic can be put in the form 

z = + axz^ + bz^ 


for a,b € C. This is the Weierstrass equation. The corresponding elliptic curve is singular 
if and only if A := -16(4a^ + 276^) vanishes. 

If we replace the constants a, 6 e C with polynomials a{t),b{t) e C[t], then we obtain 
a two-dimensional variety 5*0 £ x A^, together with a projection tt ■ Sq ->■ . The point 

[x,y,z] = (0,1,0) defines a section to tt. The fibre of tt over t = to is a plane cubic curve, 
and it is singular if and only if A(to) = -16(4a^(to) + 276^(to)) = 0. 

Following [104], one can globalise the above equation to construct elliptic surfaces with 
a Weierstrass fibration. Let L := Opi{N) for A > 0, let {A,B) e H^{L^) x H^(L^) be pairs 
of sections and assume that 


A(A, B) := -16(4A^ + 27B‘^) e H^{L^‘^) 


is not the zero section. Consider the closed subscheme Sa,b of P ;= P(L^ © © Opi) 

defined by y’^z = x^ + Axz"^ + Bz^, where (x, y, z) is a global coordinate system of P relative 
to (L^, Opi ). If we assume that S is smooth, then the third projection tt : S' ^ P^ defines 
a Weierstrass fibration. Any Weierstrass fibration of a smooth elliptic surface comes from 
the above construction. Finally, S is a K3 surface if and only if A = 2. 

Let {A,B) € H^{Opi{8)) x such that A{A,B) is not the zero section. We 

now describe explicitly the local equations for Sa,b- Let Uo,Ui be two copies of and 
set IFo = Uqx P^, 1Fi = t/i x P^. Then P(Opi(4) © Opi(6) © Opi) is obtained from IFo u IFi 
by identifying (uq, [xo,yO)'2o]) with (ui, [xi, yi, zi]) if and only if uq ^ 0 and 



xo 2/0 

xi = ^, 2/1 = = zq. 


The global sections A resp. B correspond to pairs of polynomial functions {Ao,Ai), 
{Bo,Bi) of degree 8 resp. 12 


Ai ■■ Ui ^ A^, Bi ■■ Ui ^ A^, for i = 0,1 


such that Ai{u) = «®Ao(L) and Bi{u) = u^^Bo{^). The variety Sa,b is then given by the 
equations 

yfzi = xf + Ai{ui)xizf + Bi{ui)zf 

on Wi for / = 0,1. 

Example 1 ( [86], Prop. 7.1). Let ai,... ,ai 2 e C be pairwise distinct. Set 

12 

A = 0 e A°(Opi(8)), B = Yl{uo - aim) e A°(Opi(12)). 
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Denote the scheme Sa,b by Then the Jacobian criterion applied to the local 

description above gives that g is a smooth K3 surface. The fibration g ^ has 
12 singular fibres, which occur over the points [oj : 1] e Each singular fibre is a rational 
curve with one cusp and no other singularity. 

Even in the case where {A,B) e iJ°(Opi(8)) x H^{Opi{12)) do not define a smooth 
surface Sa,b, we may often produce a smooth elliptic K3 surface by desingularisation. Eor 
p e P^, let i^p{A) resp. be the order of vanishing of A resp. B at p. We have the 

following, again from [105]: 

Proposition 3.1.1. Let {A, B) € (8)) X H^{0(12)) be such thatA{A,B) is not 

the zero section. Assume that for any p e P^ either Bp{A) < 3 or i'p{B) < 5 (or that 
both conditions hold). Then Sa,b defines a surface with at worst rational double point 
singularities. The minimal desingularisation is an elliptic K3 surface Sa,b ^ P^ with 
section. 

Note that we did not claim that Sa,b ^ P^ is a Weierstrass fibration. This is in general 
not the case. There is however, a characterisation of the singular fibres F of Sa,b over 
p e P^ in terms of the singularities of Sa,b over p e P^, due to Kodaira, [92], [93]. The 
information is tabulated below, where x{P) denotes the Euler number of F. 


Kodaira type of F 

Description of F 

X{F) 

Singularity Type of Sa,b 

lo 

smooth elliptic curve 

0 

none 

h 

irreducible, nodal rational 

curve 

1 

none 

In, N >2 

cycle of N smooth rational 
curves, meeting transversally 

N 

An-1 

In,N>0 

+ 5 smooth rational curves 
meeting with dual graph 
Dn+a 

N + 6 

Dn+4 

II 

a cuspidal rational curve 

2 

none 

III 

two smooth rational curves 
meeting at a point of order 
two 

3 


IV 

three smooth rational curves 
meeting at a point 

4 

A 2 

IV* 

seven smooth rational curves 
meeting with dual graph Eq 

8 

Ee 

III* 

eight smooth rational curves 
meeting with dual graph Ej 

9 

E 7 

■k 

'—1 

nine smooth rational curves 
meeting with dual graph Eg 

10 

Eg 
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The following proposition is an easy application of Kodaira’s classification of the sin¬ 
gular fibres of Sa,b- 

Proposition 3.1.2. Let {A, B) € (Opi (8)) X H^{0(12)) be such thatA{A,B) is not 
the zero section. Assume that for any p e either Vp{A) <3 or Vp{B) < 5 (or that both 
conditions hold). Assume further that A{A,B) e i7^(Opi(24)) has 24 distinct roots. Then 
Sa,b is smooth and all singular fibres are integral, rational curves with one node and 
no other singularities. 

Proof. As A{A,B) has 24 distinct roots, Sa,b has 24 singular fibres Fi,...,F 24 - Since 
24 = x{Sa,b) = T,i=iX{F'i): then from the table above we see x{Pi) = 1 for all i, Fi is an 
integral, rational curve with one node and no other singularities, and that Sa,b = Sa,b- D 

Example 2. Let (ai,..., 012 ) e be pairwise disjoint. Let iL e C, and let I ■= -\J^ ^ IK- 
Set 

12 

« = 11 ( 2^0 

i=l 

A = kHx\ 

B = a + K^x\^ 

We have A{A,B) - -432a(a + 2Ar^xJ^). For a general choice of iL ^ 0, a + 2X^x1“^ has 
12 distinct roots, all of which are distinct from the Oi. Thus Sa,b is a smooth K3 surface 
with 24 singular fibres, all of which are integral, nodal rational curves. We denote this K3 
surface X(^ai),K- 

Remark 3.1.3. Let Vg ->• Bg be the natural stack with fibre over a point representing a 
primitively polarised K3 surface {X,L) equal to the linear system \L\. Let Vg ^ V he the 
substack with fibre over [(X,L)] parametrising integral C e \L\ with precisely g nodes and 
no other singularities; i.e. C is a nodal rational curve. By studying rational stable maps 
to any by considering the deformation X(^ai),K were able to prove 

that the closure Vg of V| £ P is connected, [86, Thm. 8.1]. Note that V| is conjecturally 
irreducible, but this remains widely open and appears to be very difficult, [40]. 

We end this section with one final example which will play a role in the study of the 
Chow group of zero-cycles on a K3 surface. 

Example 3. Consider the cubic equation 

y'^ = x^ + a{uo)x^ + b{uo)x 

for general polynomials a of degree four and b of degree eight. After the coordinate change 
X 2 = X + , we can put this in Weierstrass form 

y"^ = x\ + A{uq)x + B{uo) 
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where A has degree eight and B has degree twelve. Further, A{A,B) = -46). After 

homogenising A, B we produce a elliptic K3 surface Sa_,b which has rational double point 
singularities over the eight zeroes of 6 and R fibres (integral rational nodal curves) over the 
eight solutions to a^-46 = 0. The resolution Sa,b is a smooth K3 elliptic surface illustrated 
below. The eight singular fibres over 6 = 0 are R fibres, i.e. the union of two smooth rational 
curves meeting in two points, [133, Prop. 4.2]. In the diagram below (taken from [78]) these 
are denoted A^i,..., A^s- The fibration Sa,b has two sections: the section at infinity 
a given by x = z = 0 (where z is the coordinate introduced in homogenisation) and the 
section r given by x = y = 0. The section r has order two; thus translation by r defines an 
involution Sa,b ^ Sa,b- We will denote this K3 surface by ^( 2 ), 8Ai ^s it corresponds to 
a general K3 surface with 2-torsion in the Mordell-Weil group and eight fibres of type Ai 
(i.e. corresponding to Ai singularities of the unresolved surface Sa,b), see [126]. 



3.2 Constructions via Torelli 

The aim of this section is to show how the Torelli theorem can be used to construct K3 
surfaces. We start with the following lemma. 

Lemma 3.2.1. Let X be a K3 surface. Suppose X eontains a smooth, integral elliptic 
curve E. Then X is an elliptic surface. 

Proof. Let L := Ox{E). From the arithmetic genus formula (E)"^ - 2g{E) - 2 we see 
(E)"^ = 0. Thus deg(L|^) = 0 so hP{E,L) < 1. From 

0 -»■ Ox L ^ Ly 0, 

we have hP{X,L) < 2. From Riemann-Roch h^{X,L) > x(L) = 2, so hP{X,L) - 0. Since E 
is smooth and integral, and g{E) ^ 0, L is base point free and thus L induces a morphism 
A ->• such that the generic fibre is smooth, elliptic. □ 

In order to show that a K3 surface contains a smooth elliptic curve, it suffices to show 
that it contains a non-trivial, nef divisor D with {D)^ = 0. 
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Lemma 3.2.2. Let X be a K3 surface. Suppose X contains a non-trivial, nef divisor D 
with (D)^ = 0. Then D is base point free. Furthermore, there exists a smooth, integral 
elliptic curve E with D ~ mE for an integer m>l. 

Proof. See [73, Prop. 3.10]. □ 

By combining the above lemma with the Torelli theorem, one can construct elliptic K3 
surfaces. To be more precise, let A be an even lattice of rank p + 1 < 10 and signature 
(l,p), and fix an element L e A with (L)^ > 0. A A-polarised K3 surface is a K3 surface 
X, together with a primitive embedding i: A ^ Pic(X) with i{L) big and nef. The moduli 
space of A-polarised K3 surfaces exists as a quasi-projective algebraic variety, is nonempty, 
and has at most two components, both of dimension 19 - p, which locally on the period 
domain are interchanged by complex conjugation, [42]. Complex conjugation here means 
that a complex surface X with complex structure J is sent to {X, -J). 

The generic K3 surface X in the moduli space of A polarised K3 surface has Pic(X) A. 
Thus if A contains an element D with (D)^ = 0, and if further D e Pic(X) is nef, then X 
is an elliptic K3 surface, and H is a multiple of the class of an elliptic curve. 

Remark 3.2.3. In the case where A has rank greater than ten, there is not automatically 
a unique lattice embedding of A into the K3 lattice. Using computer aided techniques, 
however, it has in recent years become possible to show the existence of such embeddings. 
One example of this is the work of Shimada, [126], which gives a complete list of all 
possible configurations of the singular hbres of elliptic K3 surfaces with section up to ADE 
singularity type, together with the torsion part of the Mordell-Weil group. 

Suppose now X is a K3 surface, and assume E e Pic(X) is smooth and elliptic. The 
elliptic fibration X ^ induced by E need not have a section. We define an integer I, 
called the multisection index as follows. The set 

{{D-E) : ZlePic(X)} 

is an ideal of Z; I is defined to be its positive generator. Then f = 1 if and only if X has a 
section. 

There is a construction which associated to X ->• P^ an elliptic K3 surface J{X) P^ 
with a section P^ ->• J(X), see [73, §11.4], [38, Ch. 5], or [52, Ch. 1.5]. One calls J(X) ->• P^ 
the Jacobian fibration. The singular fibres of X ^ P^ and J{X) P^ are isomorphic. We 
have an isomorphism J(X) to Mh{v), the moduli space of i7-semistable sheaves on X 
with Mukai vector v, where 77 is a general polarisation on X and v = {0,E,l). Note that 
for H generic, Mh{v) is irreducible, [73, Cor. 10.3.5]. 

The lattice Pic(J(X)) is fully determined by Pic(X). In fact, one has the following 
result, [87, Lem. 2.1]. 

Proposition 3.2.4 (Keum). Let X ^ P^ be an elliptic K3 surface with multisection index 
I and generic fibre E. Then Pic{X) embeds into Pic{.J{X)) with index 1. The element 
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E € Pic{J{X)) is divisible by I, and Pic{J{X)) is generated as a lattice by Pic{X) and 
Ejl. Further, 

deiPic{X) = det Pic( J(X)). 

Let Xi ^ X 2 P^ be two elliptic K3 surfaces. We say two elliptic K3 surfaces 
Xi ->• P^ and X 2 P^ are isomorphic if there is an isomorphism Xi X 2 commuting with 
the elliptic fibrations (note that a single K3 surface may have multiple, non-isomorphic 
elliptic fibrations). The following lemma will be needed later. 

Lemma 3.2.5. Let X ^ be an elliptic K3 surface and consider J{X) P^. Then 
there are only countably many non-isomorphic elliptic K3 surfaces T P^ with J{Y) P^ 
isomorphic to J{X) ->• P^. 

Proof. The set of isomorphism classes of elliptic K3 surfaces T ^ P^ with J{Y) ->• P^ 
isomorphic to J{X) ->• P^ are described by the Tate-Shafarevic group of J{X), which 
in our case is isomorphic to where p{J{X)) is the Picard number of 

J{X), [73, Rem. 11.5.12], also cf. [52, §1.5.3], [62, Cor. 2.2] and [80, Thm. 0.1]. □ 

3.2.1 The elliptic K3 surface Y^g 

We now use the Torelli theorem to construct special K3 surfaces and curves on them 
with some very special BrilRNoether properties. The examples constructed will play a 
crucial role in the coming chapters. 

Let > 5 be an integer, let 1 < di,d 2 , ■ ■ ■ ,ds < [^J be integers, and consider first the 
rank ten lattice Llg with ordered basis {L,£',ri,... ,r8} and with intersection form given 
by: 

• {L ■ L) = 2g - 2 

• {L-E) = [Sf\ 

• {E-E) = t) 

• (Tj)^ = -2 for 1 < i < 8 

• {E ■ Tj) = 0 for 1 < i < 8 

• {L ■ Tj) = dj for 1 < i < 8 

• (Tj • Tj) = 0 for i ^ j, 1 <i,j < 8 

It is easily seen that the above lattice has signature (1,9) and is even. 

Lemma 3.2.6. Let g > 6 be an integer and choose 1 < di,..., dg < [^J • There exists a K3 
surface Lhg with Pic{Yfig) ^ Llg. Furthermore, for any such K3 we may choose the ordered 
basis {L, E,Ti,. .., Tg} of Ilg in such a way that L - E is big and nef and with R and E 
representable by smooth, integral curves for 1 < i < 8. Further there is a smooth rational 
curve Ti €\E - Tjl. 
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Proof. By the global Torelli theorem and from a result of Nikulin, the fact that this lattice 
has signature (1,9) and is even implies that there exists a K3 surface with Pic(yog) ^ 
Llg, [107, Cor. 1.9, Cor. 2.9] or [73, Cor. 14.3.1]. By performing Picard-Lefschetz reflections 
and a sign change, we may assume that L-E is big and nef, since {L-E-L-E) > 0, [11, Prop. 
VIII.3.9] and [73, Cor. 8.2.11]. Next, {E ■ E)^ - 0 and (L-E-E) = [^J > 0 which implies 
that E is effective, [11, Prop. VIII.3.6(i)]. We now want to show that the general element 
of \E\ is smooth and irreducible. By [123, Prop. 2.6] and the fact that E belongs to a basis 
of Pic(Pog) it is enough to show that \E\ is base-point free. It is enough to show that E is 
nef, [91, Lemma 2.3] or [73, Prop. 2.3.10]. 

So it suffices to show there is no effective divisor R with (R)^ = -2 and {E ■ R) < 
0, [11, Prop. VIII.3.6]. Suppose for a contradiction that such an R exists. Write R = 
xL + yE + for integers x,y,Zi. As {E ■ R) = < 0 we have x < 0. Then 

(R - xL)"^ = -2 zf < 0. However, 


{R - xLf = -2 + x^{2g - 2) - 2x{L ■ R) 


= -2 + x‘^{2g-2-2 
> 0 


5 + 1 


)-2x{L-E-R) 


for X < 0 and g >6. Thus \E\ is an elliptic pencil. 

Next Ti is effective, since (Ti • L - i?) > 0. We claim Pi is integral. Otherwise, there 
would be an integral component i? of Pi with (i^-Pi) < 0, since (Pi)^ = -2. Further, 
(i?)^ = -2, since R is not nef. Write R = xL + yE + XlLi ZiTi. We have {R- E) = x [^J > 0 
so X > 0. Assume x ^ 0. Then we have {R- R + E) > 0 and (R + E)^ > 0 so R + E is big and 
nef, which contradicts that (i? + FI • Pi) = (i? • Ti) < 0. So x = 0. But then (R)^ = -2 gives 
z\ = 1, and (i7Ti) = -2z\ < 0 so zi = 1 and = 0, i > 1. Lastly, (R-L) = di + y [^J > 0 
so we must have y >0 (as di < [^J)- Since i? is a smooth and irreducible rational curve, 
we must then have y = 0 and R = Ti (as the only effective divisor in |i?| is integral). Thus 
Ti is integral. Likewise, r 2 ,... ,r8 are integral. 

Next, Ti is effective, since (Ti)^ = -2 and {Ti ■ L - E) > 0. Let R be an integral 
component of Ti such that (i? • Ti) <0, (R)^ = -2. Writing R = xL + yE + X]f=i ZiTi, we see 
as above x = 0 and we must have zi = -1 and Zi = 0, i > 1. Since {R- L) = -di + 2/ [^J > 0 
we must have y > 1 and then i? ~ Ti + (y - 1)E. Since R is integral, this forces i? = Ti. □ 

Lemma 3.2.7. Let Vog and {L, E,Ti ,..., Pg} be as in the previous lemma, and let 

be the fibration induced by E. I/Yq^ is a general Llg-polarised K3 surface, then at least 
six of the reducible singular fibres P* + Pj for 1 < i < 8 are of the type I 2 (as opposed to the 
type III). We choose indices such that Pi + Pi is an I 2 fibre for i >3. 

Proof. As (xL + yE + zWi ■ E) = x{L ■ E), the elliptic fibration Yq^ induced by 

E has multisection index (L- E). Consider the Jacobian fibration J{Yq^) P^, which has 
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the same singular fibres as (up to isomorphism). Let Qg be the lattice generated by 
Ilg and 

F:= EI{L-E). 

Then J{Yq_^) is an element of the global moduli space of fl^-polarized K3 surfaces, [87, 
Lemma 2.1] and [42, Def. p.l602]. A result of Mukai states that one may describe J(Y^^) 
as a moduli space Mh{v) of iL-semistable sheaves on Yhg for a generic polarization H and 
Mukai vector {0, E,{L- E)); see [73, §11.4.2], [87, p. 2081], [109]. This construction can be 
done in families by [79, Thm. 4.3.7], so there is a holomorphic map 

cP : 

{Y^^,ng - Pic(y4)) - (J(y4),r^ - Pic(J(y4))) 

defined in a Euclidean open subset U about {Yfi^,Llg ^ Pic(yhg)) in the local moduli 
space (or period domain) of marked fl^-polarised K3 surfaces. The Tate-Safarevic group 
of J(Thg) is countable by Lemma 3.2.5. In particular, this implies that the fibres of cp are 
zero-dimensional by [73, Cor. 11.5.5]. By Sard’s theorem, (p{U) contains a Euclidean open 
set. Thus it suffices to show that there is a dense open set V £ with the property 

that for any (X,fig ^ Pic(X)) e V, the fibration X ^ induced by F has at least six I 2 
fibres. 

Let T be the trivial lattice of J{Yq^) ->• P^, i.e. the lattice generated by F, any section 
a of J{Yfig) ->■ P^ and the components of the reducible fibres which do not meet a. We 
have 

f}©(-2)®, 

where f) denotes the hyperbolic lattice. By choosing the basis {L- gF, F,Ti- diF,... ,Ts- 
dsF}, we see Og is isometric to T, or equivalently, the Mordell-Weil group of J{Yq^) is 
trivial, [124, Thm. 6.3]. Suppose {X,Qg ^ Pic(X)) e has the property that X ->• P^ 
induced by F has at least six I 2 fibres. Then the same holds in a dense open set in each 
component of containing (X,I}g ^ Pic(X)) as the condition that a fibre be nodal is 
Zariski open (i.e. for a flat, proper algebraic family of integral curves, the locus of non-nodal 
curves is a Zariski closed subset of the base). Furthermore, the same clearly holds for the 
complex conjugate X*^ ^ P^. There are at most two components of which locally on 
the period domain are interchanged by complex conjugation, so this would complete the 
proof. 

Thus it suffices to find such an elliptic K3 surface X ^ P^. From [126, Thm. 2.12] 
(published in compressed form as [127]), there exists an elliptic K3 surface X ^ P^ with 
section and torsion-free Mordell-Weil group such that X has 10 singular fibres of type Ai, 
each of which are either of type I 2 or III. Using that the Euler number of III is 3, we 
find that X can have at most 4 fibres of type HI, and thus has at least 6 fibres of type 
I 2 , which have Euler number 2 (as the sum of the Euler numbers of the singular fibres 



CHAPTER 3. CONSTRUCTING ELLIPTIC K3 SURPACES 


57 


must be 24, the Euler number of X). There is an obvious primitive embedding of T into 
the trivial lattice of X such that 6 of the generators correspond to components of the I 2 
fibres avoiding the section. As the Mordell-Weil group of X is torsion free, we have 
a primitive embedding T ^ Pic(X). This completes the proof. □ 

Lemma 3.2.8. LetY^^ and {L, E, Ti,..., Tg} be as in the previous lemma. If we assume 
g > 7, then L - E is very ample (and hence L is also very ample). 

Proof. Suppose the big and nef line bundle L - E is not very ample. Then there exists 
either a smooth rational curve R £ with (L - E ■ R) = 0 or a smooth elliptic curve 
X £ Yq^ with 0 < (L - E ■ F) < 2 (or both exist), by [91, Thm. 1.1] (set k - 1 in Knutsen’s 
theorem and note that L - E is primitive). 

Assume firstly that R as above exists; we may write R = xiL + yiE + T,i=i zi,iTi for 
integers xi,yi,zi^i. We have 

-2|:4, = (i?-xiL )2 
i=l 

= -2 + x\{2g-2)-2xi{L-R) 

= -2 + x\{2g-2-2 )-2xi{L - E ■ R). 

By the above equality, using that g > 8 and (L - E ■ R) = 0, we find that xi = 0 and there 
exists some j such that zij = ±1, zi^i = 0 for i ^ j. Then 0 = (L - E ■ R) = ±dj + yi [^J 
which is impossible for 1 < dj < [^^J- 

So now suppose there is some smooth elliptic curve F c with 0 < (L-E-F) <2. We 
may write F = X 2 L + y 2 E + Z 2 ^iTi for integers X 2 , y 2 ,Z 2 ,i- We have {F ■ E) = X 2 {L ■ E) 
and hence X 2 > 0 (as F i jEj). We calculate 

-2j^zl, = {F-X2Lf 

i=\ 

= xl{2g - 2 ) - 2 x 2 {L- F) 

= X2ix2ii2g - 2) - 2 l^^j) -2{L-E- F)) 

which is impossible for 51 > 7, 0 < (L-E-F) < 2. Thus L-E is very ample. Using Knutsen’s 
criterion again, and the fact that E is nef, we see that L is likewise very ample. □ 

For the rest of the section we will assume g is odd. The following technical lemma will 
be needed later in this section. 

Lemma 3.2.9. Assume g > 11 is odd and let Thg o.nd {L, E,Ti,...,Tg} be as in Lemma 
3.2.8. Then L - 2E is not effective. Further (L - E)‘^ > 8 and there exists no effective 
divisor F with (F)^ = 0 and {F ■ L - E) < 3. 
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Proof. Suppose L - 2E is an effective divisor and let Di,... be its irreducible compo¬ 
nents. Write Di = XiL + yiE + ZijTj for integers Xi,yi,Zij. Then 0 < (Di-E) = Xi{L-E) 
so that Xi > 0 and = 1- Thus we may assume xi = 1 and x* = 0 for all i > 2. Now 
let D be any irreducible curve of the form aE + Ej=i for integers a, bj and suppose 
T> ^ Tj, VI < j < 8 . Then 0 < (D -Tj) = -2bj so bj < 0 for all j. Since (D)^ = -2 b'j > -2 
by [11, Prop. VIII 3.6], there is at most one bj such that bj + 0, and in this case bj = -1. 
Suppose firstly that all bj = 0. Then D ^ E^ since D is integral, and all effective divisors 
in \aE\ are a sum of a divisors in \E\, [123, Prop. 2.6(ii)]. Next suppose bj = -1. Then 
D - aE - Tj and a > 1 since a is effective. Thus D = Tj + {a - 1)E and {D)^ = -2, which 
implies a = 1 since D is a smooth and irreducible rational curve (as the unique effective 
divisor in the linear system \D\ is integral). 

Thus if i > 2, Di is either E, Pj or Tj, for some j. Since Y.iDi = L - 2E, we see Di = 
L-{2 + m')E- Ui jT j - Ej=i '^2 j^ j for nonnegative integers m' and ^^, 1 < j < 8 . 
Since E = Tj -t-Pj, we may rewrite Di in the form Di = L- (2-i-m)i?- Ej=i(ni,jTj +n 2 jTj), 
where m, nij, n 2 j are nonnegative integers and if ^ 0 for some ji then n 2 ,ji = 0 , and 
likewise if n 2 j 2 * 0 then nijj = 0. But then one computes 


8 _ 

{Di)^ = {L - 2E - {mE + ^ nijTj + n 2 jTj))‘^ 

i=i 

8 8 

= -4 - 2 'Zinlj + nlj) -2{L-mE+f^ mjTj + n 2 ,jfj) 

1=1 i=i 

< -4 

which is a contradiction (since (D)^ > -2 for any integral curve D). This proves that L-2E 
is non-effective. 

We have (L - E)"^ = g - 3 > 8 for g > 11. For g>ll and a' > 0 one has {g - 3)a' - 6 > 0. 
From the proof of Lemma 3.2.8, this implies there is no effective F with (T)^ = 0 and 
{F-L-E)<3. □ 

Lemma 3.2.10. Let D € Qg be an ejfeetive divisor with (D)^ > 0, and assume L - D is 

effective and {L - D)^ > 0. Then D = cE for some integer c > 0. 

Proof. Write D = xL + yE + for integers x,y,Zi. One has 0 > {D - L ■ E) = 

{x - 1){L ■ E) so that x < 1. On the other hand 0 < {D ■ E) = x{L ■ E) so that x > 0. 

Thus X = 0 or X = 1. Suppose firstly that x = 1. Then D < {D - = -2 Ei=i zf which 

is a contradiction. Hence x = 0. Then 0 < {D)^ = -2,{Y!i=i zf) and so Zj = 0 for all i, as 
required. □ 
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3.3 Mukai’s theory for curves on 

In this section we will apply a construction of Mukai to the special K3 surface in 
order to construct loci Z ^ such that for x ^ Z the fibre of 77 : ->• Mg over rj^x) is 

zero-dimensional at x. This will be our basic tool for studying the generic finiteness of the 
morphism Mp(^g^k)-n- 

Our first task is to study Clifford index of curves on the elliptic K3 surfaces from 
Lemma 3.2.9. For any smooth curve C and M e Pic(C') with deg(M) = d and hP{M) = r+l, 
let v{M) ■■= d- 2r. The Clifford index of C is defined by 

v{C) := min{7z(M) | M e Pic(C') with deg(M) < - 1, hP{M) > 2}. 

Clifford’s Theorem states that n(C) >0 and n(C) = 0 if and only if C is hyperelliptic. 

Lemma 3.3.1. Let g > 11 be odd, let and {L, E,Ti ,..., Tg} be as in Lemma 3.2.9 and 
let C € \L\ be a smooth curve. Then r'{C) = ^ - 2. 

Proof. Consider the line bundle A := Oc{E). We have hf{A) = 2, since Y{L - E) = 0 
by Kodaira’s vanishing theorem. As deg(A) = we see n{C) < 2^ - 2. Suppose for a 
contradiction that n{C) < - 2. From [91, Lem. 8.3], there is a smooth and irreducible 

curve D c Yfi^ with 0 < {Drk iy{C) + 2, 2{D)‘^ < {D ■ L) and zz(C') = {D ■ L) - - 2 (the 

sharp inequalities here are due to the fact that L is primitive). We have 

{D-L-D) = {Df -{D-L) = -2- u{C) < -2 

and 

{D - Lf = -6 - 2v{C) - {Df + 2c/ > -8 - 37^(0 + 2c/ > 0, 

as v{C) < - 2 and g >7. Hence L- D is effective and D = cE for some c > 0 by Lemma 

3.2.10. As D is represented by a smooth curve, we must have D = E. But then 

v{C) = {E-L)-{Ef-2=^-^-2, 

giving a contradiction. □ 

Lemma 3.3.2. Assume g >11 is odd and let Yq^ be a K3 surface with Pic{YQf ^ Llg as 
in Lemma 3.2.9. Let M € Og be an effective line bundle on Th^ satisfying 

• 0 < {Mf < ^ 

• 2{Mf <{M-L) 

• ^ = {M-L)-{Mf. 


Then M = E. 
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Proof. The above inequalities give {M - L ■ M) <0 and 

(M - Lf = {Mf + 2g-2- 2{{Mf + > 0 

as (M)^ < ^ < g - 3 ioT g >1. Thus M = ci? for c > 0 by Lemma 3.2.10. The equation 
2^ = (M-L)-(M)2 gives c= 1. □ 

Lemma 3.3.3. Let g>ll he odd and let and {L, E,Ti,..., Ts} be as in Lemma 3.2.9 
and let C e \L\ he a smooth curve. Suppose A e Pic{C) has hP{A) = 2 and deg{A) = 2^. 
Then A ^ E\^. 

Proof. Let A e Pic(C') with h^{A) = 2 and deg{A) = 2^. In particular, n{A) = v{C). Then 
by [43, Thm. 4.2], there is some effective divisor D c such that that {D ■ L) < g - 1, 
L - D is effective, dim|Zl| > 1, D\c achieves the Clifford index on C and such that there 
exists a reduced divisor Zq e |A| of length 2^ with Zq D n C. Further from the proof 
of [43, Lemma 4.6] and the paragraph proceeding it, we see 2^ = {D ■ L) - (D)^, using 
that n^Dlc) = 2^ -2 by hypothesis. It then follows that all the conditions of Lemma 3.3.2 
are satisfied, so that D e \E\. As {E ■ C) = 2^ and Zq is reduced of length 2^, we have 
Zq - D nC. Thus Zq e \E\(j\ which forces A ^ E\^. □ 

The following lemma may be extracted from work of Mukai, cf. [Ill, §3], [110, Lem. 
2] (although it never appears in this precise form). Despite the simple proof, this lemma 
is actually rather fundamental, since it gives an example of a K3 surface S and a divisor 
D ^ S such that the K3 surface S can be reconstructed merely from the curve D together 
with a special divisor A e Pic(D). 

Lemma 3.3.4 (Mukai). Let g>ll he odd and let S be a K3 surface with L,M € Pic{S) 
such that L^ = 2g - 2, = 0 and {L ■ M) = 2^. Let D e |L| he smooth and set A := M|^. 

Further, let A^ = {L - M)|^ be the adjoint of A and set k ■= h^{A^) - 1. Assume L - M is 
very ample and that there is no integral curve F S with (F)^ - 0 and {F ■ L - M) = 3. 
Assume further that M is represented by an integral curve and that L-2M is not effective. 
Then A^ is very ample, and S is the quadric hull of the embedding : D ^ induced 
by AK In particular, the linear system \L\ contains only finitely many curves D' such that 
we have an isomorphism l-D'^D with PA ^ . 

Proof. As there exists an integral curve in |M|, we know h^{M) = 0. From the exact 
sequence 

M* L®M* ^ A^ 

we see that restriction induces an isomorphism H^{S,L® M*) ^ H^{D, A^), which implies 
that A^ is very ample (as L® M* is) and that (/>^t ■ D is the composition of D ^ S 
and fr-M ■ S ^ P^. Now let Q - be a quadric containing D. Then we claim that Q 
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contains S. Indeed, otherwise there is some effective divisor T S such that D + T = Qr\ S 
so that D + T e \2L-2M\. But then T e \L-2M\, contradicting that L-2M is not effective 
by assumption. Thus the quadric hull of D coincides with the quadric hull of S' ^ But 
the quadric hull of S is simply S from [123, Thm. 7.2], The assumption gf > 11 is needed 
to ensure {L - M)^ > 8 which is required in Saint-Donat’s theorem (note that since L - M 
is very ample by assumption it is not hyperelliptic in the sense of [123, §4.1, Thm. 5.2]). 
Finally, by the argument above, we have that, for any curve D' & \L\ such that there exists 
an isomorphism l '■ D' ^ D with t*A ^ ; there is an automorphism f '■ S S induced 

by an automorphism of such that f{D') = D. Since S is a K3 surface, we deduce that 
there are only finitely many such D'. □ 

Putting all the pieces together, we have the following proposition: 

Proposition 3.3.5. Let g > 11 he odd. Let T be a smooth and irreducible scheme with 
base point 0 e T. Let Z ^ T be a flat family of K3 surfaces together with an embedding 
(f) ■■ Z T . Assume (fo : Zq ^ P^ is the embedding ^ P® induced by \L\, where 
Thg is as in Lemma 3.2.9. Let 77 c Ips he a hyperplane and C ■= H n a smooth curve. 
Assume that for allt e T, we have a smoothly varying family of hyperplanes Ht with Hq - H 
and Zt r\ Ht ^ C. Then for t € T general there is an isomorphism ift ■ Zt ^ and an 
automorphism ft e Aut{F^) such that ft° <ft = Furthermore, ft sends Ht to H. 

Proof. For t € T general we have a primitive embedding j : P[c{Zt) ^ Pic(yh 9 ) with 
j(Oztil)) = F. By hypothesis, each fibre Zt contains a curve isomorphic to C which 
has Clifford index FA - 2 by Lemma 3.3.1. By [91, Lem. 8.3] there is some smooth and 
irreducible divisor M' e Pic{Zt) satisfying 0 < {M')^ < fA^ 2{M')^ < {M' ■ Ozt{l)) and 
fA = . Ozt{l)) ~ . As in the proof of Lemma 3.3.1, these conditions ensure that 

Ozt(l) ~ AI' is effective. Moreover, M := j{M') satisfies the conditions of Lemma 3.3.2, so 
that M = E. Thus - 0 and hence M' is a smooth elliptic curve. By lemmas 3.2.8 and 

3.2.9, L-E is very ample, (L-E)^ > 8, L-2E is not effective and there exists no effective F 
with (F)^ = 0 and (F-L-E) = 3; thus the same holds for Ozt{l) - M' e Pic(Z() for t close 
to 0. Thus by Lemma 3.3.4 and since {Ozt{l) - AI')\^ - Kc{Ei^^) by Lemma 3.3.3 we have 
Zt - Lhg- Furthermore, the embedding C ^ Zt \s identified under this isomorphism with 
the natural embedding of C into the quadric hull of the embedding (j)Kc{E* ) ■ C In 

particular, the embedding is independent of t (up to the action of projective transformations 
on P^). Thus for the general t there is some ft e AutfF^) = Aut{\L\) with ft{Zt) = Lbg £ P® 
such that ft sends Ht to H. □ 

As a direct consequence we have the following corollary. 

Corollary 3.3.6. Let g > 11 be odd and let Yq^ and {L,F,Fi,... ,F8} be as in Lemma 
3.2.9 and let C e |L| he a smooth curve. Then the fibre of the morphism g -T^ ^ M.g over 
[C] is zero-dimensional at [(i : C ^ Y^^,L)^. 
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Remark 3.3.7. In fact, r] : Tg Mg is birational onto its image for g > 11, g t 12, [33]. 
Also see [112, §10], [8] for an approach in the odd genus case which more closely resembles 
the above. 



Chapter 4 

The moduli map 


In this chapter we prove generic finiteness of the moduli map 

V ■ '^g,k ■^^p(g,k)-m 

on one component for all but finitely many values of p{g,k) - m. The idea is to start 
with the case of a smooth, primitive, genus 11 curve C lying on a K3 surface, i.e. the case 
k = 1, g = ll,m = 0. The result has already been established for these values in Corollary 
3.3.6. We then build up from this result by adding rational components to the curve C and 
partially normalising at some of the nodes. Using that rational curves on a K3 surface are 
rigid, this ultimately gives generic hniteness on one component, for ah but hnitely many 
values of p{g, k) - m. 

4.1 The moduli map 

We start by reducing to the case where the number of nodes is large. 

Lemma 4.1.1. Let n< m with p{g, k)-m > 0. Assume that there is a component Im £ 7^™ 
such that 

is generically finite and assume that for the general [/ : B ->• X] e Im, B is non-trigonal. 
Then there exists a component In £ such that 

7|/„ ■ ■^p(9,k)-n 

is generically finite. For the general [f ■ C ^ Y] € In, C is non-trigonal. 

Proof. Let [(/ : B ^ X, L)] e be a general point. By [41, Thm. B], f{B) is a nodal curve 
(with precisely m nodes). Thus there is an integral, nodal curve B' with m-n nodes with 
normalization p'. B ^ B' such that / factors through a morphism g '. B' ^ X. The hbre of 
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7] over the stable curve [B'] e Aip(g^k)-n is zero-dimensional near [{g,L)] as otherwise we 
could compose with /x to produce a one dimensional family near [(/ : B ->• X, L)] in the 
fibre of rj over [i?]. Since [(^jL)] lies in the closure of 7^"^ by Lemma 2.3.8, we see that 
there exists a component In £ 7^”^ such that 

^ ■^p(gT)-n- 

is generically finite. As the normalization of B' is non-trigonal by assumption, B' must lie 
outside the image of 

^3,p(3,fc)-n ■^^p{g,k)-nj 

in the notation of [67, Thm. 3.150]. Thus, for the general [f ■ C Y] € In, C is non- 
trigonal. □ 

The following proposition gives a criterion for generic finiteness of the morphism 


^ ^ ■^p{g,k)-n 

on one component I. The idea is to assume we have an unramified map fo ■ Cq ^ X 
representing a point in W”, such that finiteness of rj holds near the point representing /q. 
If we then build a new morphism f '■ Cq u ->■ X by finding a rational curve /(IP^) in X, 
and if we further assume Cq u is a stable curve (i.e. intersects Cq in at least three 
points), then by rigidity of rational curves in X, one sees easily that finiteness of rj holds 
near the point representing /, where n, k are such that / represents a point in lYgk- 

Proposition 4.1.2. Assume there exists a polarised K3 surface {X,L) and an unramified 
stable map f ■ B ^ X with f*{B) e \kL\. Assume: 

1. [(/ : B X,L)] lies in the closure ofTg},- 

2. There exists an integral, nodal component C <4 B of arithmetic genus p' >2 sueh that 
/|^ is an unramified morphism j ■ C ^ X, birational onto its image. Let k' he an 
integer such that there is a big and nef line bundle L' on X with j*{C) e \k'L'\, and 
let g' - \{L')^ + 1. 

3. The fibre of the morphism g ■ W”, j., A4p' over [C] is zero-dimensional near [(j : 
C ^ X,L')\, where n'= p{j{C)) -p'. 

4- If C is the normalization of C, then C is non-trigonal. 

5. If D B is a component, D t C, then D has geometric genus zero. 

6. The stabilization morphism B ^ B is an isomorphism in an open subset U <4 B such 
that C . 
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Then there exists a component I £ T^^ such that is generically finite and [(/ : B ->• 
X,L)] lies in the closure of I ^ general [f ■ B' X'^ e I, B' is non- 

trigonal. 

Proof. We have a morphism rj : IVgj^ -^p(g,fc)-n- By assumption 1, it suffices to show 
f]~^{[B]) is zero-dimensional near [(/ : B X,L)]. Let S be a smooth, irreducible, 
one-dimensional scheme with base point 0, and suppose we have a commutative diagram 

712 

S 

with g proper, tti, ti 2 flat and with gg '■ Bg ^ Xg an unramified stable map to a K3 surface 
for all s, with go = f. Further assume Bg - B. For any s e S', we have open subsets 
Ug £ Bg, Vg B with the stabilization map inducing isomorphisms Ug - Vg and such that 
B \ Vg has zero-dimensional support. By assumption 6, C £ Vo, and thus for s near 0, 
C <= Vg - Ug. Thus, after performing a finite base change about 0 e S, there exists an 
irreducible component C <4 B, such that Cg - C, for all s near 0. We have a commutative 
diagram 


C^^X 



where is flat and h ■= g\^. Since ho = j, assumption 3 gives Xg ^ X and hg = j for all 
s. In particular, gg is a one-dimensional family of unramified morphisms into a fixed K3 
surface. From assumption 5, the fact that rational curves on a K3 surface are rigid and 
since gg is unramified, we conclude that Bg - B and gg '■ B ^ X is independent of s. Thus 
r]~^{B) is zero-dimensional near [(/ : B ->• X,L)]. Hence there exists a component I £ 7^”^ 
such that is generically finite and [(/ ■ B X, L)] lies in the closure of I £ Since 

C is non-trigonal, the stabilization B must lie outside the image of 

'^3,p{g,k)-n ■^^p{g,k)-n‘ 

Thus, for the general [f ■ B' ->• X'] e /, B' is non-trigonal. □ 

We will apply the above criterion to prove generic finiteness of rj on one component, 
for various bounds on p{g, k) - n. We first consider the case k - 1. To begin, we will need 
an easy lemma. Let p > > 8 be integers, and let l,m be nonnegative integers with 

h + 1 



p - h = 


2 


I + m 
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and 0 <m < [^^J- Define: 


ip-h-1, 
\p-h + l, 


if m = 0 or m = [^J - 1 
otherwise. 


Let Pp^fi be the rank three lattice generated by elements {M,Ri,R 2 } and with intersection 
form given with respect to this ordered basis by: 

/ 2/1-2 Si 3 \ 

Si -2 0 . 

^3 0 -2 y 

The lattice Pp^h is even of signature (1,2). 

Lemma 4.1.3. Letp > h>8. There exists a K3 surface Sp^h with Pic{Sp^h) - Pp,h above 
such that the classes M, i?i,i ?2 are each represented by integral curves and with M very 
ample. If h is odd and at least 11, then for D e \M\ general the fibre of p '-T^ ^ M.h is 
zero-dimensional at [(i : D '->• Sp^h,AI)] and D is non-trigonal. Furthermore, any divisor 
of the form -xM + yRi + zR 2 for integers x, y, z with x > 0 is not effective. 

Proof. Consider the K3 surface from Lemma 3.2.6. We choose di ■= (L • Li) to be 
m + lif 0 <m< [^J - 1 and di = [^J - 1 if m = 0 and di = [^J - 2 if m = [^J - 1 - 
Further set c /2 = 3 and let all other di be arbitrary integers in the range 1 < c/j < [^^J- We 
dehne a primitive embedding j : Pp h ^ as follows. If m = 0 (so that I > 1 as p > h), 

we define the embedding via M L, Ri (I - 1)E + Ti, R 2 T 2 . If m ^ 0 we dehne 
the embedding via M ^ L, Ri ^ IE + Fi, R 2 ^ F 2 . Let Mp be the moduli space of 
ample, Pp^/j-polarised K3 surfaces, [42, Def. p.l602]. The moduli space Mp^^ has dimension 
17 =19-2, [42, Prop. 2.1]. Let Mi be a component containing the ample, Pp^^-polarised 
K3 surface [Lb^]. Then the general point of Mi represents a projective K3 surface Sp^h 
with Pic{Sp^h) - Pp,h 7 [107, Cor. 1.9, Cor. 2.9]. Further, M,i ?2 are each represented by 
integral curves and M is very ample by Lemmas 3.2.6 and 3.2.8. If h is odd and at least 
11, the statement about the hbres of p follows from Corollary 3.3.6 by semicontinuity, and 
the non-trigonality follows from Lemma 3.3.1. 

We now claim that any divisor of the form -xM + yRi + ZR 2 for integers x, y, z with 
X > 0 is not effective. By degenerating Sp^h to Lh,, as above, it suffices to show that 
-xL + yj(Ri) + 2 ;F 2 e Pic(yh,^) is not effective. But this is clear, since the rank ten lattice 
Pic(Ln,,) contains the class of a smooth, integral, elliptic curve E with (E ■ -xL + yj(Ri) + 
ZT 2 ) = -x{E ■ L) <0. 

The -2 class Ri is effective since (i?i)^ = -2, (i?i • M) > 0. It remains to show that i?i 
is integral. Let D be any integral component of Ri with (D)^ = -2, (D ■ Ri) <0. Writing 
D - xM + yRi + ZR 2 we see that x = 0 (as i?i - D is effective). Thus {D ■ Ri) < Q implies 
y > 0 and -2 = (D)^ = -2(y^ + z"^) forces 2: = 0; thus D - Ri is integral. □ 
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Theorem 4.1.4. Assume g >11, n>0, and let 0 < r{g) <5 be the unique integer such that 

g-11 


g-11 


6 


6 + r(5-). 


Define 


• Ig ■= 12, ifr{g) = 0. 

• Ig ■= 13, i/1 < r{g) < 5. 

• Ig ;= 15 ifr{g) = 5. 

Then there is a component I £ 7 ^” such that 


Mg-n 

is generically finite for g -n>lg. For the general [/': B' ->• X'] e /, B' is non-trigonal. 

Proof. From Lemma 4.1.1 it suffices to prove the result for the maximal value of n. Assume 
g - n = Ig il r{g) ^ 0 and for - n = 15 if r{g) = 0. Set p = g, h= 11 and consider the lattice 
Pg,n and K3 surface iSg,!! from Lemma 4.1.3. Set e = 1 if r{g) = 0 or r{g) = 5 and e = 0 
otherwise. Then (M + Ri + ei? 2 )^ = 25 ( - 2 and M + Ri + eR 2 is ample. Let D e \M\ be 
general and consider the curve Di = H u i?i u ei ?2 where all intersections are transversal. 
Choose any subset of si - 3 distinct points of n i?i and let / : ->• Di be the partial 

normalization at the chosen points. Then B has arithmetic genus Ig if r(g) t 0 and genus 
15 if r{g) = 0. Further, / satisfies the conditions of Proposition 4.1.2. Then there is a 
component I £ T^ such that 

Mg-n 

is generically finite for g - n> Ig if r(g) t 0 and for g -n>lb \i r{g) = 0. For the general 
[f ■ B' ->• X'] e I, B' is non-trigonal. 

We now wish to improve the bound in the case r(g) = 0. Recall from Section 3.2 the 
lattice fill with ordered basis {L, Fi,...,Fs}. Thus the general C e \L\ is a smooth, 
genus 11 curve and {L ■ E) = 6 . Note that Fj ~ L - is a class satisfying (Fi)^ = -2, 
(Ti'E) = 0, (Fi-Fj) = 2. From Lemma 3.2.6, Fj is represented by an integral class. Further 
Fj -t-Fj is an I 2 singular fibre of \E\ for any i > 3. We will denote by Xi and y* the two nodes 
of Fi + Fi. 

Set m ■= [^-^J and assume r{g) = 0. Consider the primitive, ample line bundle 
H '■= L + [^-^J E, which satisfies (H)^ = 2g - 2. Let C e \L\ be a general smooth curve 
which meets Fi transversally. Let B be the union of C with 2m copies of as in the 
diagram below. 
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R^,2 

q 


Rrtv,! 

R2,2 


R2,1 

Ri.2 


p 

Ri,i 





c 


Thus B = C u Ri i u Ri 2 ... u Rm,i u Rm, 2 , where each Rij is smooth and rational, all 
intersections are transversal and described as follows for m>2: Rij nC = 0 unless {i,j) = 
(1,1), i?i,i intersects C in one point, and Rij intersects Rk,i in at most one point, with 
intersections occuring if and only if, after swapping Rij and R^^i if necessary, we have {i = k 
and / = j + 1), {k = i + 1 and I + j) or = (1) 1) and {j,k) = (m,2)). The arithmetic 

genus of B is 12. For m = 1, B = C'ui?iiLJi?i 2 where C intersects transverally in one 
point and n C = 0 and i?i^i intsersects Ri ^2 transversally in two points. 

There is then a unique unramified morphism f '■ B ^ such that /|^ is a closed 
immersion, /|^ is a closed immersion with image Fi and /|^ 2 ^ closed immersion with 

image Fi, for 1 < i < m and where (/(p),/(<?)) = {xi,yi). Thus f^B e \H\. Note that 
the stabilization B has two components, namely it is the union of C with a rational curve 
with one node. Thus the claim holds in the r = 0 case by Proposition 4.1.2, together with 
Lemma 2.3.4 and Corollary 3.3.6. □ 

We now turn to the nonprimitive case. 

Lemma 4.1.5. Let A be an smooth, one-dimensional algebraic variety over C, with 0 e A 
a closed point. Let C ^ A be a flat family of nodal curves, with general fibre integral and 
such that 

Co = .BuFiU...uFfc, 

with B smooth and non-trigonal, and Fj smooth curves for 1.. .i < k, with all intersections 
transversal. Then if Ct is the normalization ofCt, t€ A general, then Ct is non-trigonal. 

Proof. We go through the first steps of the usual stable reduction procedure, [9, §X.4]. Let 
y - C ^ C he the normalization of the integral surface C. Then y is finite and birational, and 
further is an isomorphism outside the preimage of singular points in the fibres of C. Further, 
C ^ A is a flat-family of curves by [101, Prop. 4.3.9]. As C has isolated singularities, Ct 
must be smooth for t € A general, and must be the normalization of Ct, as y is finite 
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and birational. Since fio ■ Co Cq is finite, and an isomorphism outside singular points of 
Co, the components of Co are isomorphic to B, Fj. Further, fio factors through the total 
normalization of Cq (which equals the disjoint union of the components). This forces Cq 
to itself be nodal. Further Co is connected, by taking a desingularization of the surface 
C and applying [101, Thm. 8.3.16] followed by [101, Cor. 8.3.6]. Since B is smooth and 
non-trigonal, the stabilization of Co lies outside the image of TLo^p, where p is the arithmetic 
genus of Co. It follows that Ct is non-trigonal. □ 

Lemma 4.1.6. Let Za be a general K3 surface with Picard lattice generated by elements 
D,F,T giving the intersection matrix 

/ 2a-2 6 1 \ 

6 0 0 

\ 1 0 -2 / 

Assume that 14 < a < 19. Then we may pick the basis such that D, F, F are all effective 
and represented by integral, smooth curves with D ample. Further, there is an unramified 
stable map fa ■ Ba ^ Za, birational onto its image, with Ba an integral, nodal curve of 
arithmetic genus 13 for 14 < a < 15 and 15 for 16 < a < 19, such that fa*{Ba) e \D\ and fa 
satisfies the conditions of Proposition 4-1.2. Further, there is an integral, rational nodal 
curve Fq e \F\ which meets fa{Ba) transversally, and F meets fa{Ba) transversally in one 
point. 

Proof. Let be the moduli space of pseudo-ample, Aa-polarised K3 surfaces, [42]. This 
has at most two components, which locally on the period domain are interchanged via 
complex conjugation. Consider the lattice flu with ordered basis {L, FI, Fi,..., Fg} and 
set ds = 1. For di,d 2 > 3, let H be the primitive, ample line bundle H = L + Ti + eF 2 , where 
e = 0 for 14 < a < 15 and e = 1 for 16 < a < 19. Choose 3 < di,d 2 < 5 such that H^ = 2a - 2; 
it is easily checked that all six possibilities can be achieved. There is a primitive lattice 
embedding 

Aa ^ fill 

defined by D Ff, F Fg, F ^ E. 

Let Fbii be any K3 surface with Pic(yhjj) ^ flu, and choose the basis {L, FI, Fi,..., Fg} 
as in Lemma 3.2.6. Consider the curve CuFi u eF 2 e \H\, where C e jL] is a general smooth 
curve. By partially normalizing at all nodes other than three on CuFi and three on C'uF 2 
(for e ^ 0), we construct an unramified stable map fa ■ Ba ^ with fa*{Ba) ~ H which 
is birational onto its image and satisfying the conditions of Proposition 4.1.2. Note that 
Ba has arithmetic genus 13 for 14 < a < 15 and 15 for 16 < a < 19. After deforming fa to 
an unramified stable map fa'- Ba^ Za, we find Ba must become integral, since it is easily 
checked that Za contains no smooth rational curves R with (R- F) = (R- F) = 0. Further, 
the normalization Ba is non-trigonal by Lemma 4.1.5. 
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Thus the claim on fa follows from the proof of Proposition 4.1.2. Note that the I 2 
fibre r 7 + r 7 must deform to an integral, nodal, rational curve on Za, since Za contains no 
smooth rational curves which avoid F and P. If fin ^ Pic(yhjj) is the embedding as in 
Lemma 3.2.6, and if is the conjugate K3 surface, then we obviously have an embedding 
rill ^ satisfying the conclusions of Lemma 3.2.6. Thus the claim holds for the 

general pseudo-ample, Aa-polarised K3 surface Za- □ 

Remark 4.1.7. In the notation of the above proof, we have hP{Nj^) < p{Ba) from Lemma 
2.3.4. It thus follows that h^{Nf^) < p{Ba) by semicontinuity. 

Lemma 4.1.8. Let 1 < d <5 be an integer and consider the rank five lattice with basis 
{A,B,Pi,r 2 ,Pa} giving the intersection matrix 

^-2 6 3 2 d \ 

6 0 0 0 0 

3 0 -2 0 0 . 

2 0 0 -2 0 

^ d 0 0 0 -2 ^ 

Then is an even lattice of signature (1,4). There exists a K3 surface Yk^ with PicfiYxfi) - 
Kd, and such that the classes {A, H,Pi, r 2 ,Pa} are all represented by nodal, reduced curves 
such that the nodal curve A meets ri,r 2 and Ps transversally. Further, A + B is big and 
nef. 

Proof. Let Ti, Y 2 be smooth elliptic curves and consider the Kummer surface Z associated 
to Yi X Y 2 . Let Pi, P 2 , P 3 , Pi be the four 2 -torsion points of Yi and let Qi,Q 2 ,Q 3 ,Q 4 be 
the 2-torsion points of Y 2 . Let Eij c Z denote the exceptional divisor over Pi x Qj, let 
Ti^ Z denote the strict transform of {Pi x Y 2 )l± and let Sj denote the strict transform of 
(Li xQj)l±. We also denote by T a smooth elliptic curve of the form x XY 2 , where x e Yf 
is a non-torsion point. It may help the reader to consult the diagram on [106, p. 344], to 
see the configuration of these curves. We set 


A := ,Si + El, I +Ti + El, 2 + S 2 + Ei,3 + S 3 
B ■= F + Si + E2,i + T 2 + L/2,1 + E2,2 + E2,3 

Tl ;= T 3 + E3,i + E3,2 + E3,3 

T2 '■= T2 + E2,1 + E2,2 

f Ti + ZiiEi,i, ifl<d<3 

( T 4 + Y^i^i Ei,i + Ei,i + Si + E2,i + T 2 + L/ 2,1 + 7^2,2 + E2,3, if 4 < d < 5. 

Then A, B, ri,r 2 ,r 3 generate Kd (to simplify the computations, use that a tree of -2 
curves has self-intersection -2). To see that this gives a primitive embedding of Kd in 
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Pic(Z) we compute the intersections with elements of Pic(Z); for J e Pic(Z), define 
(J • Kd) to be the quintuple ((J • A), {J ■ B), (J • Pi), (J • r 2 ), (J • Ps)). Then one computes 
= (1,0,0,0,0), in-Kd) = (0,0,1,0,0), {Ei,i-Kd) = (1,0,0,0,-1), (^2,4 • T^d) = 
(0,0,0,1,0), {E 2 , 3 -Kd) = (1,-1,0,1,c), where c is either 0 or -1, depending on d. Thus 
Kd is primitively embedded in P\c{Z). Further, all intersections of B, ri,r 2 )r 3 with A 
are transversal . Note that for any (rational) component A + B, (R ■ A + B) >0. Thus 
A + B is big and nef. Hence the claim holds by degenerating to Z. □ 

Lemma 4.1.9. Let 1 < d < 5 be an integer and consider the K3 surface Yk^ from Lemma 
4 . 1 . 8 . Then the classes {H,H,Ti,r 2 ,Pa} are all represented by integral curves. 

Proof. We will firstly show that B is nef, and hence base point free. Indeed, there would 
otherwise exist an effective divisor R = xA + yB + zTi + WT 2 + uT 3 for integers x,y,z,w,u, 
with (R)^ = -2 and (R ■ B) < 0, i.e. x < 0. Thus R - xA is effective and (R - xA ■ A) = 
{R - xA ■ A + B) since H H is nef. But then 

-2 = {Rf = {{R-xA) +xAf 

= - 2 {z^ + 'uP‘ + u^ + x^) + 2x{R -xA- A) 

So we must have z = w = u = D, x = -l and {R + A ■ A) = 0. But then R = -A + yB and 
{R + A - A) = D gives y = 0. But this contradicts that A is effective. 

We next show that each Tj is integral. Let R be any irreducible component of Tj with 
{R ■ Tj) < 0, {R)^ = -2 (such a component exists). Write R = xA + yB + zTi + WT 2 + uPs. 
We have x > 0 as (i? • H) > 0. Assume x ^ 0. Then {R ■ R + B) >0, {R + B)"^ > 0, so 
that R + B is big and nef, contradicting that {R + B - Ti) = (R-Ti) < 0. Thus x = 0 and 
R = yB + zTi + WT 2 + uTs. Since {R)^ = -2, {R ■ Tj) < 0, we have R = yB + P*. Since 
{R ■ A + B) = {R ■ A) > 0, we must have y > 0 (for i = 3, we need here that d < 6). Since the 
only effective divisor in \R\ is integral (and equal to R), we must have y = 0. Thus Pj = i? 
is integral. 

To show that A is integral, let Ri,... ,Rs be the components of the effective -2 curve 
A, and write Ri = XiA + yiB + ZiTi + WiT 2 + UjPs for integers Xi,yi, Zi,Wi,Ui. Intersecting 
with B shows we have x* > 0 for all i. Thus there is precisely one component, say Ri with 
xi ^ 0 and further xi = 1. Now, choose a component Ri with {Ri)^ = -2, {Ri • A) < 0. 
Firstly assume f ^ 1, so that Xi = 0. Intersecting with the integral curves Pj, 1 < j < 3 (and 
noting Ri t Pj as {Ri- A) < 0), we have Zi,Wi,Ui < 0. From {Ri)^ = -2, we see Ri = yiB-Tj 
for some 1 < j < 3. Intersecting with A gives 6 yi - k < 0 for some 1 < k < 5, and thus yi <0 
which is a contradiction to the effectivity of Ri. 

In the second case, assume {Ri)^ = -2, {Ri-A) < 0, with Ri = A+yii?+ziri+r(;ir 2 +uir 3 . 
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We compute 


-2 = {Ri)^ 

= —+ 2 :^ + Wi + + 1) + 2((/2i • A^ + 2) 

= —2(^^ + 2 ^ + w\ + + 2((/2i • 2 I) + 1). 

Thus we have either (i?i • A) = -2 and Ri = A + yiB or (R- A) = -1, Ri = A + yiB ± Tj for 
some 1 < j < 3. In the first case, {A + yiB ■ A) = -2 implies = 0 so A = i?i is integral. In 
the second case, {A + yiB±Tj-A) = -1 implies -1 = -2 + 6yi±A:, for 1 < /c = (^d-Tj) < 5. The 
only possibilities are yi = 0, /c = 1, Ri = A+ Tj, contradicting that all effective divisors in 
|i?i| are integral, or yi = 1, A: = 5, Ri - A + B-T j. Since {B-Ti)^ = -2, {B - T j ■ A + B) > 0, 
we have that B - Tj is effective, so once again this contradicts that all effective divisors in 
|i?i| are integral. □ 

Lemma 4.1.10. Let M/^^ denote the moduli space of pseudo-ample Aa-polarised K3 sur¬ 
faces, with the lattice as in Lemma 4 .I. 6 , for 14 < a < 19. Then there is a nonempty 
open subset U £ Ma^ such that for \Ya\ € U we may pick the basis {D,F,T} such that there 
is an integral, nodal, rational curve Ra ^\D - 2F - r| such that Ra meets T transversally 
in three points. 

Proof Set y ■= a - 14, so that 0 < y < 5 by assumption. If we change the basis of to 
{D - 2F - r,T, T} = {X,Y,Z}, we see Aa is isometric to the lattice A^ with intersection 
matrix 

I 2y-2 Q 3 \ 

6 0 0 . 

^3 0 -2 y 

Let iLrf be the lattice from Lemma 4.1.8. For appropriate choices of d there is a primitive 
lattice embedding Aa ^ Kd, given by 

X A + eiTs + e2r2 

B 

Z^Ti 

where if a = 14 we set ei = €2 = 0 and d arbitrary, if 15 < a < 19 we set d = y +1, ei = 1, 62 = 0 
and if a = 19 we set d = 5 and ei = €2 = 1. By Lemmas 4.1.8, 4.1.9, we have that A,r 2 ,r 3 
are represented by smooth rational curves intersecting transversally on Yk,^. In all cases, 
the divisor D = X + 2Y + Z is big and nef, since if i? e {ri,eir 3 ,e 2 r 2 , A}, {R- D) > 0. By 
partially normalising nodes we may produce an unramified, stable map f ■ C ^ where 
C is a genus zero union of smooth rational curves and f{C) = A + eir 3 + € 2 r 2 . By [96, §2, 
Rem. 3.1], we may deform / horizontally to a stable map with target a small deformation 
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of Ixtj in the moduli space of Aa-polarised K3 surfaces (also cf. Proposition 2.3.3). Thus, 
after deforming to a K3 surface Ya with Pic(ya) - Aa, we can deform A + eiPs + e 2 r 2 
to a nodal rational curve Ra which meets P transversally in three points. Furthermore, Ra 
is integral, since Aa contains no -2 curves which have zero intersection with F, P. □ 

Theorem 4.1.11. Assume k > 2, g > 8. Set m ■= [^J and let 0 < r{g) < 5 be the unique 
integer such that 

g - 5 = 6m + r{g). 

Define: 

• Ig ;= 15, if r{g) = 3,4, m odd and/or k even. 

• Ig := 16, if r{g) = 3,4, m even and k odd. 

• Ig := 17, if r{g) = 5, m odd and/or k even. 

• Ig := 18, if r{g) = 5, m even and k odd. 

• Ig ;= 17, if r{g) <2, m even and/or k even. 

• Ig '■= 18, if r{g) <2, m odd and k odd. 

Then there is a component I £ T/^ such that 

h\i ■ ^ ■^p(g,k)-n 

is generically finite for p{g, k)-n > Ig. For the general [f ■ B' X'] e I, B' is non-trigonal. 

Proof. Consider the Aa-polarised K3 surface Ya from Lemma 4.1.10 and let P} be 

as in the lemma. Set m '■= > 0 and 

, m - 1 if r{g) > 3 
m = { 

ym - 2 if r{g) < 2. 

We have m' > -1 for g >8. Consider the primitive, ample line bundle H = D + m'F. We 
choose 

^^|ll+r( 5 r) if r{g)> 3 
|l7 + r( 5 r) if r{g)< 2. 

Then {H/ = 251-2 for 51 > 8 . Let fa'- Ba^ Ya resp. Ra be the unramified stable map, resp. 
rational curve from lemmas 4.1.6 resp. 4.1.10. Set I = km' + 2{k - 1) which is nonnegative 
for k> 2. We have an effective decomposition 


kH ~ fa{Ba) + {k- l)Ra + (fc - l)r + IF^ 
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where Fq e \F\ is an integral, nodal rational curve as in lemma 4.1.6. We will prove the 
result by constructing an unramified stable map f ■ B Ya with f*{B) = fa{Ba) + {k - 
l)Ra + {k - l)r + IFq satisfying the conditions of Proposition 4.1.2. 

Assume firstly m' is even and/or k is even, so I is even, and set s = ^/2. Let ^ Fq be 
the normalization morphism and let p, q be the points over the node. Let x be the point 
of intersection of fa{Ba) and L and let y,z be distinct points in L n Ra. We may pick the 
points to ensure y t x, z x. Define B as the union of Ba with I + 2{k - 1) copies of P^ and 
with transversal intersections as in the following diagram: 



Then there is a unique unramified morphism f '■ B Ya with f*{B) = fa{Ba) + {k-T)Ra + 
(A: - l)r + IFq which restricts to the normalization P^ ^ Ra on all components marked Ra,i, 
restricts to fa on Ba, sends all components marked Fij to Fq, all components marked L^ 
to r and which takes points marked x (resp. y,z,p,q) to x (resp. y,z,p,q). 

We now claim that if Hq - -6 is a connected union of components containing Ra,k-i with 
/.^(ilo) ^ \nH\ then n-k and Bq - B. If ciD + C2F + caL is a divisor linearly equivalent to 
nH, then intersecting with F shows ci = n. Now Ra c \D-2F-T\, whereas H - D+{m-T)F 
for m > 0. Thus /^(Bq) e \nH\ shows that the connected curve Bq cannot coincide with the 
component Ra,k-i, and thus must also contain T^.i. Repeating this argument, one sees 
readily that Bq must contain + Ra,i) + Ba- We then get n = k as required, which 

forces Bq = B. 

Using Remarks 2.3.5 and 4.1.7, one sees h^{Nf) < p{B). For any component C t Ba^ 
B, f{C) meets f{Ba) properly. Thus it follows from Proposition 2.3.9 that the conditions 
of Proposition 4.1.2 are met. Note that the arithmetic genus of B is Ig. 

Now assume m' is odd and k is odd. Let a,b,c€ fa{Ba) n Fq be distinct points. Let B 
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be as in the diagram below. 



Then as before there is an unramified morphism f ■ B ^ Ya with f*{B) = faiBa) + {k - 
l)Ra + {k - l)r + IFq satisfying the conditions of Proposition 4.1.2, and B has arithmetic 
genus Ig. □ 

The following lemma will be needed for Theorem 6.1.11. 

Lemma 4.1.12. Assume p{g,k) and n are such that there is a component I £ T^^ such 
that the morphism r/|^ : / ->• M.p(g^k)-n is generically finite. Then for the general [(/ : B ->• 
X, L)] e I, we have 

H\B,r{Tx)) = R 

Proof. Let Tg^{X,L) denote the fibre of Tg^ Bg over [(X, L)]. The finiteness of at 
[(/ : B X, L)] obviously implies that the morphism 

'^n,k ■ ->• AA.p(^g^k)-n 

[f--B^X]^ [B] 

is finite near [/]. The claim H^{B, f*{Tx)) = 0 then follows from the exact sequence of 
sheaves on B 

0^TB^r{Tx)^Nf^0 

and the fact that the coboundary morphism H^{B,Nf) ->• H^{B,Tb) corresponds to the 
differential of Vn^k- D 





Chapter 5 

Chow groups and Nikulin 
involutions 


Let X be a projective K3 surface and let / : X ->• X be a Nikulin involution; i.e. an 
automorphism of order two with f*u} = a; for all uo e (or, equivalently, f* acts 

trivially on the transcendental lattice T(X)). Then the Bloch-Beilinson conjectures imply 
in particular the following conjecture 

Conjecture 5.0.13. f* acts as the identity on the Chow group CH^{X) of zero-cycles on 

X. 


In this chapter we will show that if the genus of X is odd then this conjecture holds on 
one component of the moduli space of K3 surfaces with a Nikulin involution. 

To explain this, we first need to outline the construction of the moduli spaces of K3 
surfaces admitting a Nikulin involution, taken from [133]. This is explained in detail in 
Section 5.1. Of particular importance will be special elliptic K3 surfaces with a Nikulin 
involution which lie in the boundary on one component of the moduli space. These elliptic 
K3 surfaces have already appeared as Example 3 in Section 3.1, where they were constructed 
via the Weierstrass equation and denoted X( 2 ), 8 Ai- Section 5.2 we use stable maps to 
deform to X( 2 ), 8 Ai thereby conclude that Conjecture 5.0.13 holds on one component 
of the moduli space of K3 surfaces admitting a Nikulin involution. 

5.1 Moduli spaces of K3 surfaces admitting a Nikulin invo¬ 
lution 

We begin with some lattice theory from [133]. Consider the lattice 


;= ZL®Es{-2), 
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where L^ = 2g-2, g > 3. li g is odd, then there is a unique lattice which is an over lattice 
of with Tg/^g ^ Z/2Z and such that E%{-2) is a primitive sublattice of and L is 
primitve in T^. Equivalently, is the lattice generated by and the element L/2 + u/2, 
where v € Es(-2) is a nonzero element with 

v'^ = 4e{8), 

with e := 0 if <7 E 1 (4) and e ;= 1 of e 3 (4). 

There is an involution j '■ ^g ^ which acts at 1 on ZL and -1 on Es(-2). This 
extends to an involution j '■ Tg ^ Tg. The following is due to Nikulin [114] and van 
Geemen-Sarti [133, §2], 

Theorem 5.1.1. Let A be either of the lattices or Tg. Let X be a K3 surface with 
a primitive embedding A ^ Pic{X) such that L is big and nef. Then X admits a Nikulin 
involution f ■ X ^ X such that /|* = j and = id, for c H^(^X,'Z). Conversely, if X 
admits a Nikulin involution f then there is a primitive embedding A ^ Pic{X) such that L 
is big and nef, where A is either or Tg, for some g. Further, /|* = j and = id. 

Notice that the conditions /|* = j and = id uniquely determine the action of f* 
on H‘^{X,Tj), and thus they uniquely determine the involution /. If X admits a Nikulin 
involution /, then there may be several different lattices A ^ Pic(X) of type ^g or with 
/|* = j and = id (for instance, we will see later that X(^ 2 ),sAi from Example 3 has this 
property). Different choices of primitive embeddings A ^ Pic(X) correspond to choosing 
different /-invariant polarisations L; in particular there is no choice if the Picard number 
of X is the minimal value nine. 

To study deformations of K3 surfaces admitting a Nikulin involution, it suffices to 
consider the moduli space M\ of A-polarised K3 surfaces, where A is either of the lattices 
^g or Tg, as in [42]. As A has rank nine, M\ is nonempty and has at most two irreducible 
components. In fact we have: 

Proposition 5.1.2. Let A be either of the lattices or Tg and let Ma be the moduli 
space of A-polarised K3 surfaces. Then M\ is irreducible. 

Proof. From [42, Cor. 5.2] there is a primitive embedding A ^ Lxs, unique up to isometry 
of Lk 3 , where Lks is the K3 lattice. Consider the orthogonal A-*- c Lks. From [42, §5], it 
suffices to show that A-*- admits the hyperbolic lattice U as an orthogonal summand. 

We now mimic the proof of [133, Prop. 2.7]. We have Lk 3 U^ ® Es{-1)^. There 
is a primitive embedding i : Es{-2) ^ £'8(-l)^ such that i{E^{-2)) is the set {{x,-x) ■ 
X € £'8(-1)}. We may choose a basis R,F of U with (R)^ = -2, (F)^ = 0, {R- F) = 1. 
Let Ui denote the i-th copy of U in U^ ® Es{-1)‘^, i < 3. We have a primitive embedding 
ZL ^ Ui given hy L R-e gF. Thus we have a primitive embedding ^g ^ Lk 3 , unique 
up to isometry, such that U 2 © U 3 is an orthogonal summand of In particular, Ma is 
irreducible when A = <I>g. 
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It remains to consider the case A = T^. Write g = 2n + 1 for n e Z. Let a e -E8(-l) 
with = -2 if n is odd and o? = -4 is n is even. As before, identify E%{-2) with 
{(x,-x) : rc e £'8(-1)} and let n = (a,-a) e £'8(-2). Let L = (2rt, a, a) e © £'8(-l)^ 
where u = R + '^F for n odd and u = R + '^F for n even. Then |(L + v) = (tt,a,0), 
and the lattice generated by ^(L + n), Es{-2) is a primitive sublattice of ® £'8(-l)^ 
isomorphic to Tg. Once again U^^U^ is an orthogonal summand of T^, so in particular 
U is an orthogonal summand of T^, and Mx^ is irreducible. □ 

Let X be a K3 surface with a Nikulin involution f '■ X ^ X. Then X has eight (reduced) 
fix points, see [73, Ch. 15]. Let G ^ Z/2Z be the group of automorphisms generated by /. 
The quotient X/G has eight rational double point singularities over the fixed points. Let 

Y ^ X/G be the minimal desingularisation; surfaces arising in this way are called Nukulin 
surfaces. Then X is a projective K3 surface, and it contains eight disjoint rational curves 
over the nodes of X/G. Thus Y has Picard number at least nine. We define the Nikulin 
lattice to be the rank eight lattice 94 generated by ei,..., es together with ^(ei + ... + es), 
with (ci)^ = -2 for all i and (e^ • ej) = 0 if i ^ j, 1 < f, j < 8. 

We now follow the lattice theory from [56] (see also [133, Prop. 2.7]). For arbitrary 
g' > 3, set 

^'g, ;= ZM © 91, 

where (M)^ = 2g'-2. In the case where g' is odd, let be the rank nine lattice generated 
by together with the class \{M + u), where u e 91, | 91 is a class with 

. (u)2 E 0 (4) 

• (u • Cj) E 0 (2) for all 1 < f < 8 

• {Mf + {vf = 0{8). 

Note that the lattice does indeed exist and is unique up to isometry. Let A' be either 
of the lattices <I>^, or T^,, and let M\r be the moduli space of A' polarised K3 surfaces, i.e. 
K3 surfaces Y with a primitive embedding A' ^ Pic(y) such that M is big and nef. 

Proposition 5.1.3. Suppose Y is a K3 surface with a primitive embedding A' ^ Pic{Y) 
such that the elements e* e 91 are the classes of integral rational curves for 1 <i <8. Then 
^(ei + ... + 68) defines a double cover Y ^ Y, branched over ei + ... + eg- The surface 

Y has eight disjoint -1-curves over the e* and blowing these down produces a Nikulin K3 
surface (X,/) such that Y is the minimal desingularisation of the quotient of X by f. The 
rational map X -> X is the quotient by f. 

Proof. See [56, §1]. □ 

So if X is a K3 surface with a primitive embedding A^ ^ Pic(X) such that the elements 
Cj € 91 are the classes of integral rational curves, then X is the minimal desingularisation 
of a Nikulin surface (X,/). The next proposition relates Pic(X) to Pic(X). 
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Proposition 5.1.4. Let A be either of the lattices or Tg. Let [X] e Ma be a polarised 
K3 surface with corresponding Nikulin involution f, and let Y be the desingularisation of 
the quotient of X by f. Then [P] e M\i where: 

A' = if g is odd and A = Tg 
= zfA = ^g. 

Proof. See [56, Cor. 2.2], □ 

Recall the elliptic K3 surface ^( 2 ), 8 yli from Example 3 and let / : ^( 2 ), 8 Ai ^ -^( 2 ), 8 Ai 
be the Nikulin involution induced by translation by the section r. Let F denote the class 
of the generic elliptic fibre. 

Lemma 5.1.5. Consider the f -invariant line bundle L = (e + 1)F + cr + r on -A( 2 ), 8 Ai for 
e > 1, where a, r denote the sections and F denote the class of the generic elliptic fibre. 
Then L is primitive. If e>l, L is big and nef and if e>2 then L is ample. 

Proof. Let N be an irreducible component of an I 2 fibre. Then (N-L) = 1 which implies that 
L is primitive. We have (L)^ - 4e > 0, for e > 1. Further L has non-negative intersection 
with all of its components, e.g. (L-a) = (L-t) = e-1 > 0 for e > 1. Thus L is big and nef for 
e > 1. If e > 2 and if C is a curve which dominates via the fibration, then (L-C) > 0; in 
particular this holds for the sections cr, r. Further, if C is now an irreducible component 
of a fibre, then we again have (L-C) > 0. Indeed, this is clear if C* - F is smooth elliptic 
and it further holds if C is a component of an I 2 fibre, since such a component intersects 
either a or t transversally in one point. It follows that L is ample for e > 2. □ 

Proposition 5.1.6. Consider the f -invariant, primitive line bundle L = (e + 1)F -e a -e t 
on ^( 2 ), 8 Ai for e>l, where a, r denote the sections and F denotes the class of the generic 
elliptic fibre. Let A be the smallest primitive sublattice of Pic{X(^ 2 ),8Ai) containing L and 
{HHX^ 2 ), 8 Ar,^yV ^ Es{-2). Then A^T 2 e^i. 

Proof. By definition 


A - (ZL © {H‘^{X(^2),8Ai^'^yY) Q Pic(-^(2),8Ai)- 

We have (L)^ = 4e. From the proof of [133, Prop. 2.2], the fact that A is an even, rank 
9 lattice of signature (1,8) which contains 'LL and E^{-2) as primitive sublattices forces 
A e {^ 2 e+i,'^ 2 e+i}- So we have to show A ^ <I* 2 e+i- 

Let T( 2 ), 8 Ai be the minimal desingularisation of the quotient of X( 2 ), 8 Ai by /. Then 
4 ( 2 ), 8 A 1 is itself an elliptic K3 surface with 8 fibres of type R and 8 fibres of type I 2 , where 
the configuration of the singular fibres is obtained by interchanging the R and R fibres of 
^( 2 ), 8 Ai) [133, §4]. Further the fixed points of / correspond to the 8 nodes of the R fibres 
of ^( 2 ), 8 Ai- Tbe quotient vr : ^( 2 ), 8 Ai 1 ^( 2 ), 8 A 1 is defined on an open subset containing 
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the sections a,T and the general fibre F. Let a resp. F denote the class of the (reduced) 
images resp. 7r(F) in Pic(Y( 2 ), 8 Ai)• Set M = (e + 1).F + a. Then 7 r*{M) = L and the 
invariant line bundle L descends to a line bundle on the (singular) quotient X( 2 ) sAilG for 
G=<f>. 

Let Xt be a one-dimensional, flat family of A-polarised K3 surfaces specialising to Xq = 
^( 2 ), 8 Ai such that Pic(A't) A for f ^ 0. Let Xt be the quotient of Xt by the Nikulin 
involution ft, let Yt ^ Xt he the minimal desingularisation, and let nt '■ Xt Yt be the 
quotient. Let Lt denote the image of L e A Pic(Xt). For t close to zero and for a general 
divisor Dt e \Lt\, Dt avoids the fixed points of ft, since this holds for t = 0. For t general 
we have a primitive embedding Pic(Lt) ^ Pic(y( 2 ), 8 Ai)) so the relation ^ 2M gives 

a line bundle Mt ■= ^ir^Dt e Pic(lt). For t general and D[ e \Mt\ general, D[ does not 
meet the exceptional divisors of It, as this holds for f = 0, and hence Mt descends to a 
line bundle on Xt. We have Lt - tt*M t, from the fact that this relation holds for t = 0. 
Thus Lt descends to a line bundle on the quotient Xt for t general. Since Xt has Picard 
number nine for f ^ 0, [133, Prop. 2.7] applies and shows that this is only possible in the 
caseA = T 2 e+i. □ 

5.2 The Bloch—Beilinson conjectures for Nikulin involutions 

The starting point for our study of the action of Nikulin involutions on the Chow group of 
points on a K3 surface is the following proposition. 

Proposition 5.2.1. Let f ■ X ^ X be a symplectic automorphism of finite order on a 
projective K3 surface over C. Assume there exists a dominating family of integral curves 
Ct £ X of geometric genus one, such that for generic t the following two conditions are 
satisfied: 

1. Ct avoids the fixed points of f. 

2. Ct is invariant under f. 

Then f* = id on CH^{X). 

Proof. The set of points Zi oi x € X such that [x] = [/(x)] e CH^{X) is a countable 
union of closed subsets of X by [113, Lemma 3]. Thus it suffices to prove that if x € X is 
general in the sense that x lies outside a countable union Z 2 of proper closed subsets, then 
[x] = [/(x)] e CH^{X). Indeed assume there exists such a, Z 2 t X and and suppose for a 
contradiction that ZitX. Then X = Zici Z 2 would be a countable union of proper closed 
subsets, which is impossible over k = C (proof: restrict to a generic, very-ample divisor 
and use that C is uncountable). It thus suffices to show that if Ct ^ X satisfies conditions 
1. and 2. as above then [x] = [/(x)] e CH^{X) for all [x] e Ct. Repeating the argument 
above, it suffices to show [x] = [/(x)] for x € Ct generic (or even general). 
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Assume Ct satisfies conditions 1. and 2. and let E Ct he the normalisation. Then 
■ Ct ^ Ct is a finite automorphism. By the universal property of normalisation 

(see [101, §4.1.2]), this induces a finite automorphism f ■ E ^ E. As ft\^^ is fixed point 
free, so is /. Let G be the finite group of automorphisms of E generated by / and set 
D = EjG. By the Hurwitz formula, H is a smooth curve of genus one. We may choose 
origins for E, D, such that the projection tt : A ->• H is a morphism of elliptic curves. So we 
can view D as a quotient oi E Pic^{E) by a finite group T c Pic®(ili). Thus two points 
over the fibre of vr differ by an element of T. Hence Oe{x- f{x)) is a torsion line bundle for 
any x e E. The composition Li ^ A of the normalisation morphism with Gt X induces 
a group homomorphism CH^{E) ^ Pic(Li) ->• CH^{X). Thus if x e Cj is a smooth point, 
[x - f{x)] e GH^{X) is a torsion element. Since GH^{X) is torsion free by Roitman’s 
theorem, see [136, Ch. 22], this forces [x - /(x)] = 0 as required. □ 

Recall the elliptic K3 surface X(^ 2 ),sAi from Example 3 and let / : X(^ 2 )fiAi ^ ^( 2 ), 8 Ai 
be the Nikulin involution / induced by translation by the section r. Let L - {e + L)F + a + T 
be the /-invariant line bundle on X(^ 2 ), 8 Af: where a, r denote the sections and F denotes 
a generic elliptic fibre. We let N be an I 2 fibre of A( 2 ), 8 Ai- As usual, let T( 2 ), 8 yli be the 
desingularisation of the quotient of A( 2 ), 8 yli by /, and let tt : X(^ 2 ),sAi b( 2 ), 8 yli be the 

rational quotient map. Since A, F, a and r avoid the fixed points, they lie in the domain 
of definition of vr, so we may define N ;= vr(A), F ;= Tr{F), a = 7r(cj) = Note that N 

is a fibre of type H, [133, §4]. Now consider the divisor 

G := eN + F+ a + T €\L\ 

on X(^ 2 ), 8 Af This divisor is /-invariant and avoids the fixed points of /. Consider further 
the divisor 

C:= eN + F + a€\M\, 

on T( 2 ), 8 Ai) where M ;= Oy^ 2 ) 8Ai((® ^)- As C avoids the exceptional divisors of 

1 / 2 ), 8 A 1 ) we may treat it as a divisor of the singular quotient A( 2 )_ 8 Ai of A( 2 )^ 8 Ai by /. We 
have it*M ^ L and 7r“^(C') = C. 

From Prop 5.1.4, we know that there is a primitive embedding ^ Pic(y( 2 ), 8 Ai)- 
In fact, M is perpendicular to the exceptional divisors and is primitive, since there is 
a component R of an I 2 fibre with (R ■ M) = 1. So we have a primitive embedding 
ZM © 01 Pic(y( 2 ), 8 Ai) where 01 is the Nikulin lattice (the classes ei,... ,68 are sent to 

the eight components of I 2 fibres which avoid a). Note that if e > 2, then M is big and nef 
and 3M - ei - ... - 68 is ample. 

Lemma 5.2.2. There exists an unramified stable map 

h-D^ A(2),8Ai 

with image contained in C and h^D M and such that 
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• Each component of D is smooth. 

• D has arithmetic genus one. 

Proof. Let D be the unique connected, nodal curve with components Di,...,De +2 such 
that 

Di ^ F, D 2 - a, Di ^ for 3 < i < e + 2 

and such that Di n Di+i = {pi} for some point pi ^ D with pi = F na, and Di n = 0 for 
m > 1+2. The stable map h is defined to be the unique unramified morphism h-D-^ ^( 2 ), 8 Ai 
with h{D) c C, h^D ^ M and such that /i|^^ is the closed immersion F ^ y{ 2 ),sAxi ^ 1^2 
the closed immersion a Y{ 2 ),sAi h\^ is the normalisation ->• N. This is illustrated 
in the diagram below (taken from [78]): 



□ 

Lemma 5.2.3. Assume e > 2. Let T he a smooth, integral scheme of finite type over C 
with distinguished point 0 e T. Let y ^ T be a projective, fiat-family of ^'^^^-polarised K3 
surfaces such that To - d^( 2 ), 8 Ai 

- P^c(Ti) 

for t + 0 e T. Assume that e* e Picfiyt) are the classes of integral (-2)-curves for all t €T, 
1 < i < 8, and that the image of M € gives a big and nef class Mt e Picfiyt) for all 
t. For any t € T, consider the Nikulin surface (At, ft) with quotient map TTt ■ At -* Tt 
defined by ^{ei + ... + eg). Then, there exists a smooth curve T' with a morphism T' ->• T, 
dominant about the origin, such that the stable map h ■ D ^ d^( 2 ), 8 Ai from the previous 
lemma deforms to a family of stable maps 


ht--Dt^ At 


for t €T' . Furthermore, for t general 

• ht is unramified and hfiDt) is an integral curve of geometric genus one which avoids 
the exceptional divisors on Tt- 
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• 7r^^{ht{Dt)) is an integral, geometric genus one curve which is ft invariant. 

Proof. After replacing T by an etale base change, we may assume we have effective, T- 
relatively flat divisors Ei e Pic(3i) for 1 < i < 8 with Ei^g - e* e Pic(3is); and we may assume 
that ^{Ei + ... + Eg) is the class of a T-flat line bundle. We may further assume that we 
have a T-flat line bundle Ai e Pic(3^) with Ait - Mt. Then \{Ei -i-... + Tg) defines a flat 
family A ->• T of Nikulin surfaces, with quotient maps tt* : Xt -> Vt- 

From Proposition 2.3.3, the stable map h ■ D ^ ^( 2 ), 8 yli from the previous lemma 
deforms to a one-dimensional family of stable maps 

ht--Dt^ Vt 

for t € T', where T' ->• T is dominant about 0 e T. The curve Dt has arithmetic genus one 
and, for general t €T, ht is unramified and ht{Dt) does not meet the exceptional divisors. 
Thus we may consider ht^{Dt) as a divisor on Xt, where Xt denotes the singular quotient of 
At by ft. Since we are assuming Pic(Tt) for f ^ 0 e T, we have that Pic(At) ZMj, 

which implies that both Dt and ht{Dt) are integral curves of geometric genus one, for ttt) 
general. 

Now consider the curve Tif^{ht{Dt)) e Xt. This lies in the unramified locus of TTt-Xt^ 
Xt, so there are two possibilities. In the first possibility, for general t, TTl^{ht{Dt)) is an 
integral, geometric genus one curve which is ft invariant, and we are done. In the second 
case, 7rf^{ht{Dt)) has two component Ci^t and C 2 ,t which are interchanged by ft for t 
general. But then, if T° c T' is an affine open subset about 0, there exists a finite and 
surjective base change S ^ T° such that Ci^t and 6 * 2 ,t can be extended to deformations 
Cl ^ S and C 2 ->• S, cf. [128, Tag 0551]. Further, Ci^t and 6 * 2 ,t deform (over S) to connected 
subcurves Ci and C 2 of 


C = T,-\C) = eN + F + a + T<^ X^2 )Mi > 

with Ci+ C 2 = C. Without loss of generality, assume Ci contains F. Since (72,t = /t((7i,t), 
this implies C 2 contains F = ft{F), contradicting that F occurs with multiplicity one in 
C. □ 

Theorem 5.2.4. Let X be a generic T 2 e+i-polarised K3 surface for any integer e > 2, 
and let f be the Nikulin involution on X corresponding to the embedding T 2 e+i ^ Pic{X). 
Then Conjecture 5.0.13 holds for f ■ X X. 

Proof. Let Y be the desingularisation of the quotient A of A by / and tt : A ^ A 
the quotient map. As A is generic, by the previous lemma there exists an unramified 
stable map h' ■ D ^ Y such that D is integral of arithmetic genus one, h'{D) avoids the 
exceptional divisors and 7 :~^{h'{D)) is integral (there exist projective families y ^ T as in 
the lemma since 3M - ei - ... - eg e Pic(y(2),8^^) ^ ample). Since h'^D is primitive (as L 
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is primitive on X^ 2 ),sAi): must be birational to its image. From Proposition 2.3.3, there 
is a one-dimensional family of non-isomorphic stable maps 

h[-.Dt^Y 

to Y with /iq = h'. For t general, we have that h[ is unramified and birational to its image, 
which implies that h[{Dt) cannot be constant for t, and thus h[{Dt) is a dominating family 
of integral elliptic curves on Y. For t general, h[{Dt) avoids the exceptional divisors of 
Y and is integral. Thus gives a dominating family of integral, 

elliptic (by Hurwitz) curves which are /-invariant and avoid the fixed points. Thus the 
claim follows from Proposition 5.2.1. □ 

Corollary 5.2.5. Conjecture 5.0.13 holds for an arbitrary T 2 e+i-polarised K3 surface 
(XJ). 

Proof. For e = 1, the result holds from [117], so assume e > 2. Let {X,f) be an arbitrary 
T 2 e+i-polarised K3 surface. Any closed point x e A is a specialisation of points xt e At, 
such that {At, ft) is a generic T 2 e+i-polarised K3 surface. As [xt\ - [ft{xt)) e CH^{At) 
from Theorem 5.2.4, specialisation gives [x] = [/(x)], cf. [113, Lemma 3]. □ 

Remark 5.2.6. These results have been subsequently extended to cover all K3 surfaces 
admitting a Nikulin involution, see [139]. 

Remark 5.2.7. Any symplectic automorphism / of prime order on a K3 surface has order 
2,3,5 or 7. The arguments given here can be extended to show that Conjecture 5.0.13 
holds on certain components of the moduli space of pairs {X, f) of K3 surfaces with a 
symplectic automorphism of order p = 3, 5 or 7, assuming the invariant polarisation L 
satsifies (L)^ = 2ep for some integer e. See [78, §5]. Also see the follow-up paper [76], 
which proves the result in full generality (i.e. for arbitrary symplectic automorphisms of 
finite order) using derived categories. 



Chapter 6 

The marked Wahl map 


Recall the following definition from [141]: let V be any smooth projective variety, and let 
-R be a line bundle on V. Then there is a linear map, called the Gaussian: 

d>K : ^H\V,R)^H\V,nviR^)) 
s At sdt - tds. 

In the case R = wy, this map is called the Wahl map. For V = C & smooth curve, and 
T c (7 a marking, we call the marked Wahl map. When T = 0, the Wahl map 

was first studied in [140], where it appears in connection to the deformation theory of 
the cone over the curve (7, embedded in projective space via the canonical line bundle. In 
particular, Wahl shows that ^u>c is surjective for most complete intersection curves, but 
not for curves lying on a K3 surface (see also [12] for a simplified proof). This gave the 
first known obstruction for a curve to lie on a K3 surface. ^ 

6.1 The marked Wahl map 

In this section we will use an approach inspired by [36] to study the marked Wahl map 
in the case where C is a smooth curve and T t 0. We will be particularly interested in 
the case where C is the normalisation of a nodal curve lying on a K3 surface and T is the 
divisor over the nodes. In this case we will show that the non-surjectivity of gives 

an obstruction for a marked curve to have a nodal model on a K3 surface, in such a way 
that T is the (unordered) marking over the nodes. 

We begin with the following lemma, which is a special case of [60, Lem. 3.3.1]: 


^Other obstructions have since been discovered, [112, §10], [134]. 
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Lemma 6.1.1. Let xi,... ,Xn,yi, ■ ■ ■ ,ym be distinct, generic points o /and let d he a 
positive integer satisfying 

d^ + 6d- 1 d 

3n + 6m < -— . 

4 L 2 J 

Then there exists an integral curve C £ degree d with nodes at Xi, ordinary singular 

points of multiplicity 3 at yj for 1 < i <n, 1 < j < m and no other singularities. 

Let C c p2 be an integral curve of degree d with nodes at Xi, ordinary singular points 
of multiplicity three at yj for l<i<n, l<j<m and no other singularities, as in the 
lemma above. Let vr : 5 ^ P^ be the blow-up at xi,..., Xn, yi, ■ ■ ■, y-m: let Ex be the sum 
of the exceptional divisors over Xi for 1 < i < n and let Ey be the sum of the exceptional 
divisors over yj for 1 < j < m. Denote by D the strict transform of C, and let T c L) be the 
marking Ey n D. Note that D is smooth, since all singularities are ordinary. Set 

M = Os{{d - 3)H - 2Ex - 2 Ey), 

where H denotes the pull-back of the hyperplane of P^. Note that 

Kd-{D + Ks)\^ - {dH - 2Ex - 3 Ey) + {Ex + Ey - 3H), 


and this gives 

M\^^Kd{-T). 

We therefore have the following commutative diagram 

A^H^{S,M) - ^^H^{S,Qs{M^)) (6.1) 

9 

Wr, ^ 

A" H%D, Kd{-T)) H%D, Kl{-2T)). 

where is the Gaussian, [141, §1] and Wd,t is the marked Wahl map of {D,T). Here 
g denotes the composition of the natural maps H^{S,D.s{M^)) 

H^{D,LIs{M‘^)\^) H^{D,LId{M‘^)). We aim to show that Wd,t is surjective. We will 

firstly show that g is surjective. The main tool we will need is the Hirschowitz criterion, [70]: 

Theorem 6.1.2 (Hirschowitz). Let pi,... ,pt be generic points in the plane, and assume 
mi ,... ,mt,d are nonnegative integers satisfying 

{d + 3)^ 

4 _ ■ 

Then H\F^, 0^2(d) 0 0 ... 0 I™*) = 0- 


^ mi{mi + 1 ) ^ 
i=i 2 
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Lemma 6.1.3. ylssume d > 8, 3n+m < . ThenH^(S,fis((d-6)H-2Ex-EY)) = 0. 

Proof. The relative cotangent sequence twisted by {d - 6)H - 2Ex - Ey gives 
0 ^ 7r*rip2(((i — 6)H — 2Ex — Ey) ->• Lls{{d — 6)H — 2Ex — Ey) oj^xif^) ® (1) 0- 

Thus it suffices to show 

D^ 2 {d - 6) 0 /I 0 ly) = H^{S, 'K*Df 2 {{d - 6)H - 2Ex - Ey)) = 0 

where Ix = Ixx ® ■ ■ ■ ® Ix„ and ly = ly.^ ® ... ® ly^. Twisting the Euler sequence by Wp 2 
gives a short exact sequence 

0 CJp2 Op2(— 2)®^ —> Hp2 0, 

where we have used the standard identification 

Hp2 — Tp2 0 CUp2 , 

from [68, Ex. 11.5.16(b)]. As i7^(P^,cup2((i - 6) ® Ix ® ly) = 0 for d > 7, it suffices to show 
H^(F‘^,0^2{d - 8) ® Ix ® ly) = 0. This follows from Theorem 6.1.2 and the assumption 

d>8,3n + m< 1^^^ . □ 

Lemma 6.1.4. Let D be as above and assume 3n + m < ^ ^ . Assume further that 

m > 10, so that d > 10. Then 

H\D, OD{{d - G)H - 2Ex - Ey)) = 0. 

Proof. We have an exact sequence 

0 ^ Os{-6H + 2Ey) ^ Os{{d - 6)H - 2Ex - Ey) ^ Oz?((d - 6)H - 2Ex - Ey) 0. 

By the Hirschowitz criterion, H^{S,Os{{d - 6)H - 2Ex - Ey)) = 0, as we are assuming 
d > 6, 3n + m < . Thus it suffices to show H^{S, Os{-QH + 2Ey)) = 0. By Serre 

duality, h‘^{S,Os{-I>H + 2Ey)) = h^{S,Os{3H + Ex - Ey)). We have 

0 Os{3H - Ey) Os{3H + Ex - Ey) ^ Oe^ (-1) - 0 


and so it suffices to show H^{S, Os{3H-Ey)) = 0. But H^{S, Os{3H-Ey)) = dd°(P^, 0(3)0 
ly) = 0, since m > 10, and any ten general points do not he on any plane cubic (as the 
space of plane cubics has dimension nine). □ 
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Corollary 6.1.5. Let xi,... ,Xn,yi, ■ ■ ■ ,ym be distinct, general points o /with m > 10 
and let d>21 be a positive integer satisfying 


3n + 6 m < 


{d - 5)^ 
4 


Let C c p2 integral curve as in Lemma 6.1.1. Let S' ->• denote the blow-up o/P^ 

at xi,..., Xn, 2 / 1 ,, ym, and let D S denote the strict transform of C. Then the map g 
from Diagram (6.1) is surjective. 


Proof. Note that 

the line bundle defined a 


^ T+m 1 _ I^IJ for d > 5 so that such a curve C exists. Let M be 
30ve Diagram (6.1). We have short exact sequences 


0 ^ Dsiid - 6)H - 2Ex - Ey) - Ds{M‘^) - Ds{M^)\^ ^ 0 


and 

0 - OD{{d - 6)H - 2Ex - Ey) ^ ns{M^)\^ ^ DniM^) - 0. 

The map / is the composition of the natural maps H^{S,Ds{M‘^)) H^{S,Ds{M‘^)\^) 

and H^{D,Ds{M^)\^y) H^{D,Dd{M‘^)), so the claim follows from lemmas 6.1.3 and 

6.1.4. □ 


We now wish to show that the Gaussian from Diagram 6.1 is surjective. We start by 
recalling one construction of Gaussian maps from [141, §1]. Let X be a smooth, projective 
variety, and L e Pic(X) a line bundle. Let Y ^ X x X be the blow-up of the diagonal A, 
and let F denote the exceptional divisor. There is a short exact sequence of sheaves on 
XxX 

0 ->• l\ ->• Ix AjtDjv 0. 


Twisting the above sequence by L H L produces a short exact sequence 
0 ^ /i(L H L) ^ Ix{L mL)^ A.(Dx(L^)) ^ 0 


and upon taking cohomology we get a map 

: iL°(X X X, Ix{L H L)) ^ dd°(X, Dx{L^)). 

Now H^{X X X, Ix{Lm L)) may be identified with the kernel TZ{L,L) of the multiplication 
map H^{X,L) ®H^{X,L) H^{X,L?‘), and we have /\^ H^{X,L) c TZ(L,L) by sending 

sAt to s®t-t®s. Further, is the restriction of to A), and it is easily 

verified that both and have the same image in H^{X,Qx{L^))- Thus, to verify the 
surjectivity of 4>x,, it suffices to show 

H\X X X,ll{LmL)) = H\Y,Li-eL2-2F) = 0 
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where Li and L2 denote the pull-backs of L via the projections pri '-Y X x X ^ X, for 
i = 1,2. 

Following [34], [36], we now wish to use the Kawamata-Viehweg vanishing theorem to 
show H\Y, L1+L2-2F) = 0 . 

Proposition 6.1.6 ([34]). Let X be a smooth projective surface, which is not isomorphic 
to Assume L e Pic{X) is a line bundle such that there exist three very ample line 
bundles Mi, M2, M3 with L - Kx ~ Mi + M2 + M3. Then the Gaussian is surjective. 

Proof. For a line bundle A on X, we denote by Ai e Pic(y) the pullback via the projection 
pri ■■ Y X X X X, ioi i = 1 , 2 . By the above discussion, it suffices to show H^{Y, Li + 
L2-2F) = 0. As the diagonal XxX has codimension two, we have Ky - g*Kx + F, [68, 
Exercise II.8.5]. Tlmswesee H^{Y,Li + L2-2F) ^ H^{Y,{L-Kx)i + {L-Kx) 2 -^F+Ky), 
and so by the Kawamata-Viehweg vanishing theorem it suffices to show (L - Kx)i + {L- 
Kx )2 - is big and nef. Since we have 


(L - Kx)i + {L- Kx )2 - 3F = (Mi,i + Mi ,2 - F) + (Ms,! + M 2,2 - F) 

+ {M 3,1 + M3,2 - F), 

it suffices to show that Mi,i + Mi ,2 -F is big and nef for 1 < i < 3. Now H^{Y, Mj,i +Mi, 2 -F) 
is the kernel TZ{Mi, Mi) of the multiplication map H^{X, Mi) 0 H^{X, Mi) ^ H^{X, Mf), 
and we have an injective map H^{X, Mi) ^ TZ{Mi, Mi) sending sAttos0t-t0s. Thus 
H^{X, Mi) induces a sublinear system of lMj,i + Mi ,2 - F\ which induces a rational map 

A ■■ Y^Gr{l,¥{H^{Mi)*)) 

{x,y) ^ A{x)A{y) 

where A ■ ^ ^ F{H^{Mi)*) is the embedding induced by Mi, and where A{x)A{y) 
denotes the line through A{x) and A{y)- By viewing {x,y) € F as a pair x € X, y € Tx,x, 
one sees that the map A is in fact globally defined, and hence Mj,i + Mj ,2 - F is nef. To 
see that it is big, it suffices to show that ipi is generically finite, i.e. we need to show that 
there exist points x,y € X such that A{^) does not contain the line A{x)A{y)- But if 
this were not the case <^i(A) would be a linear space, contrary to the hypotheses. □ 

We now return to the situation of the blown-up plane. We start with the following; 

Theorem 6.1.7 ([39]). Let pi,... ,pk be generic distinct points in the plane, and let tt : 
5 ->• be the blow-up. Let E ^ S be the exceptional divisor, and let H be the pull-back of 
the hyperplane class on P^. If we assume d> 5 and k + 6 < then dH - E is very 

ample on S. 


Putting everything together, we deduce: 
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Proposition 6.1.8. Let xi,... ,Xn,yi ,... ,2/m be distinct, generic points o/P^ with m > 10 
and let d > 2 A be a sufficiently large integer, so that both of the following two conditions 
are satisfied 

1. 3n + 6 m< , 

2 . n + m + 6 < _ 

Let C c p2 integral curve of degree d with nodes at Xi, ordinary singular points 

of multiplicity 3 at yj for I < i < n, 1 < j < m and no other singularities. Let 5 ^ 
denote the blow-up o/P^, and let D ^ S denote the strict transform of C. Then the marked 
Wahl map Wd,t is surjective, where T is the divisor over the nodes of C. Furthermore, 
h\D,OD{T)) = l. 

Proof. We will firstly show that Wd,t is surjective. We have already seen in Corollary 6.1.5 
that the map / from Diagram 6.1 is surjective, thanks to the assumption 3n+6m < . 

Thus it suffices to show that is surjective, where M = Os{{d-3)H-2Ex -^Ey). Now 
M - Ks ~ {d- 6 )H - 3Ex - 3 Ey can be written as the sum 

M-Ks = {['^\H-Ex-Ey) + {['^\H-Ex-Ey) 

+ {{d-ti- 2 ['^\)H-Ex-EY). 

Since we are assuming d > 24, n + m + 6 < CLTKTJl) ^ Theorem 6.1.7 shows that M-Ks may 
be written as a sum of three very ample line bundles (use Thus Proposition 

6.1.6 implies that the Gaussian is surjective. 

For the second statement, note that the short exact sequence 

0 ^ Os' ^ Os{Ex) Oex{-^) 0 

gives that hfi{S,Os{Ex)) = 1. From the sequence 

0 ^ Os{3Ex + 3 Ey - dH) ^ Os{Ex) ^ Od(T) ^ 0 

it suffices to show H^{S,Os{3Ex + 3Ey - dH)) = 0. But dH - 3Ex - 3 Ey is a sum of 
three very ample line bundles, so it is big and nef, so that this follows from the Kawamata- 
Viehweg vanishing theorem and Serre duality. 

□ 

As an immediate consequence we have: 

Theorem 6.1.9. Fix any integer I e Z. Then there exist infinitely many integers h{l), 
such that the general marked curve [{C,T)] ^ Mh(i), 2 i h^s surjective marked Wahl map. 
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Proof. Consider the curve D S from Proposition 6.1.8, applied to n = I and m = 
10 (choose any d satisfying the hypotheses of the proposition). Let h{l) denote the 
genus of D. In an open subset about [{D,T)] e Mh(i), 2 h have hf'{D,O d{T)) = 1 
and thus hP{D, K^{-T)) = x{Kd{-T)) + 1 is locally constant. Further, the equality 
hP{D, K^{-2T)) = x{K^{-2T)) holds, since deg{K^{-2T)) > 2h{l) - 2. Thus the claim 
follows immediately from Proposition 6.1.8 and semicontinuity. □ 

Remark 6.1.10. In our example {D,T), we have that I is of the order |, where h is the 
genus of D. Indeed, if n = ^ is large, we can take to be approximately 18/, so that 
g{C) = \{d- l)(d- 2) ~ 9/ and h ~ SI. Thus one would expect that the marked Wahl map 
of a general marked curve in A 4 .h, 2 i is surjective, so long as I is at most of the order |. 

We will now study the marked Wahl map for curves arising via the normalisation of 
nodal curves on K3 surfaces. 

Theorem 6.1.11. Assume g-n > 13 for k = 1 or g >8 for k > 1, and let n < Then 

there is an irreducible component such that for a general [(/ : C X,L)] e 

the marked Wahl map Wqt is nonsurjective, where T is the divisor over the nodes of 

f{C). 

Proof. Let I £ 7^”^ be the irreducible component from Theorem 4.1.4 (in the case k = 1) or 
Theorem 4.1.11 (in the case k > 1) and set which is nonempty from [26, Lemma 

3.1]. Let TT ■ Y ->• X be the blow up of the K3 surface X at the nodes of f{C). There is 
a natural closed immersion C <=Y. Let E <^Y denote the sum of the exceptional divisors, 
and let M = Oy(C'). We have Kc = (M + E)^^ by the adjunction formula. Consider the 
following commutative diagram; 


H^{Y,M) 

I h 




^ H^{Y,LIy{M^)) 

9 


Wc. 


A" H°(C, Kc(-T)) H\C, KU-2T)). 


where the top row is a Gaussian on Y. The map h is surjective, as H^{Y, Oy) = 0. Suppose 
for a contradiction that the marked Wahl map ILc,t were surjective. Then g would be 
surjective, and hence the natural map 

H\C,nY\^{M^)) ^ H\C,Kl,{-2T)) 

would also be surjective. Now consider the short exact sequence 

0 ^ M|^ ^ DyiciM^) ^ Kl{-2T) ^ 0. 

Since 

H\C,M) = H\C,Kc{-E)) = H\C,E) t 0, 
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the surjectivity of g would imply that ny|^(M^)) = h^{C,TY\(y{ 2 E - Kc)) t 0. 

However 

H\C,Ty\^{2 E - Kc)) c H\C, r{Tx){2E - Kc)) c H\C, f^Tx)) = 0 

from Lemma 4.1.12, and since Kc- 2 E is effective for n < So this is a contradiction 

and hence Wc,t is nonsurjective. 

□ 



Chapter 7 

Brill—Noether theory for nodal 
curves on K3 surfaces 


In this section we consider two related questions on the Brill-Noether theory of nodal 
curves on a K3 surface. Let D £ X be a nodal curve on a K3 surface, and let C ■= D 
be the normalisation of D. In Section 7.1, we consider the Brill-Noether theory of the 
smooth curve C. The main tool used here is the Lazarsfeld-Mukai bundle, [97], and 
degenerations to special K3 surfaces with disjoint rational curves. In Section 7.2 we consider 
the Brill-Noether theory for the nodal curve D. The techniques used in this section are 
more sophisticated and build upon recent work of O’Grady, [115]. The idea is to use 
rational curves to construct a (singular) Lagrangian in an appropriate moduli space of 
vector bundles on a K3 surface. 

7.1 Brill—Noether theory for smooth curves with a nodal 
model on a K3 surface 

In this section we will apply an argument from [97] to the K3 surface Sp^h as in Lemma 
4.1.3 in order to study the Brill-Noether theory for smooth curves with a primitive nodal 
model on a K3 surface. 

Lemma 7.1.1. Consider the K3 surface Sp^h in Lemma 4-1.3. There is no expres¬ 
sion M = Ai -e A 2 , where Ai and A 2 are effective divisors with h^{Y,0{Ai)) > 2 and 
h%Y,0{A2))>2. 

Proof. We first claim that any effective divisor of the form D = aRi + 6 i? 2 , for integers a, b, 
must have a, 6 > 0. Suppose for a contradiction that a < 0. Clearly we must have 6 > 0. 
Thus there is some integral component Di of D with (Hi • R 2 ) < 0, as {D ■ R 2 ) = -2b < 0. 
Thus Di ~ i? 2 - Repeating this argument on D - R 2 , we see that 6 i ?2 is a summand of D. 
But then D-bR 2 = aRi is effective, which is a contradiction as a < 0. Thus a > 0. Likewise 
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6 > 0. Furthermore, this argument also shows that all integral components of any effective 
divisor of the form D = aRi + bR 2 are linearly equivalent to either Ri or R 2 . In particular, 
D is rigid. 

Suppose M = Ai + A 2 is an expression as above. Write Ai = xiM + and 

A 2 = X 2 M + T,‘i=iy 2 ,iRi for integers Xi,yij for i = 1,2, 1 < j < 2. We have xi,X 2 > 0 by 
Lemma 4.1.3 and xi + X 2 = 1, and assume xi > X 2 - Thus we must have X 2 = 0, which gives 
h^{Y, 0 {A 2 )) < 1 (as the divisor T,‘i=iy 2 ,i^i is rigid if ^ 2 ,* ^ 0 for all i and not effective if 
there is some j with y 2 j < 0). □ 

Let C c X be a smooth curve on a K3 surface X. Let M e Pic(C') be a globally 
generated line bundle such that lvc ® M* is also globally generated. We denote by Fc,m 
the vector bundle on X defined as the kernel of the evaluation map H^{C, M) 0c AI. 

Let Gc,m be the dual bundle of Fq^m, this is globally generated from the exact sequence 

0 ->• H^(^M) 0 Ox Gc,m <^c ® AI* 0 

(using H^{Ox) = 0). The following generalisation of [97, Lemma 1.3] is well-known, see [48, 
Remark 3.1]. 

Lemma 7.1.2. In the above situation, assume further that there is no expression 0{G) ^ 
Li 0 L 2 , where Li and L 2 are effective line bundles on X with h^{Li) > 1 + Sj for i = 1,2, 
where Si > 1 are integers satisfying si + S 2 = h^{C,AI). Then Fc,m is a simple veetor 
bundle. 

Proof. We follow the proof of [73, Ch.7, Prop.2.2]. The bundle Fc,m is simple if and only 
if its dual Gc,m is simple. Suppose Gc,m were not simple. Then there would exist a non¬ 
trivial endomorphism : G ^ G with non-trivial kernel. Set K := im('0), Li — det(iL) and 
L 2 ■= det{{GlK)). Set si ;= rank (K) and S 2 ■= rank ((GIK)IT), where T is the maximal 
torsion subsheaf of GjK. Clearly Sj > 1 for i = 1,2 and si + §2 = rank {G) = h^{G,M). 
So it suffices to prove h^{Li) > 1 + Sj for i = 1,2. As is explained in [73, Sec.7, Prop.2.2], 
if we pick a sufficiently positive divisor H on X we have /i^(Zl,Ljjo) > s* + 1 (as ci(T) is 
effective). On the other hand, if D is sufficently positive then D-Li is big and nef, so that 
H^{X, Li) -»■ H^{D, Liln) and thus hP{Li) > 1 + Sj for f = 1,2. □ 

Corollary 7.1.3. Consider a K3 surface Sp^h cls in Lemma f.1.3. Let C e \AI\ he a general 
smooth eurve. Then C is Brill-Noether-Petri general. 

Proof. This follows immediately from the proof of the main theorem in [97] and the above 
lemma. □ 

Putting all the pieces together, we get the following result. 

Proposition 7.1.4. Assume g-n>8 . Then there exists an irredueible eomponent J TiVg 
such that for [(/ : D X,M)] € J general, D is Brill-Noether-Petri general. 
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Proof. Set h = g - n, p = g. The case n = 0 is [97], so we may assume p> h. Let I, m be the 
unique nonnegative integers such that 



and 0 < m < [^J- Set e=lifm = 0orm = [^J - 1 and e = 0 otherwise. Then 
(M + i?i + eR 2 )^ - 2g -2, where M, Ri, R 2 are a basis of Pp^h as in Lemma 4.1.3. The 
claim then follows from the proof of Theorem 4.1.4, by deforming to the curve 

R:= Du Riu ei ?2 

on Sp^hj where D e |M| is general, marked at all nodes other than one point from D c\ Ri 
for i = 1,2. Note that the partial normalisation of R at the marked nodes is an unstable 
curve, and the stabilisation is isomorphic to D, which is Brill-Noether-Petri general by 
Corollary 7.1.3. □ 

7.2 Brill—Noether theory for nodal rational curves on K3 

surfaces 

In this section we will denote by X a K3 surface with Pic(X) ZL, (L)^ = 2g-2 with g >2, 
and C € \L\ will denote a fixed rational curve (not necessarily nodal). Let J^{C) denote 
the compactified Jacobian of degree d, rank one torsion free sheaves. For the fundamental 
theory of the compactified Jacobian of an integral curve on a smooth surface, see [45], [4], 
[121], [5]. In particular, is a projective, integral, local complete intersection scheme 

of dimension g containing Pic'^(C') as a dense open subset. Consider the generalized Brill- 
Noether loci 

iTrf(C) := {A e J^{C) with h\A) > r + 1} 

which can be given a determinantal scheme structure, cf. [58, Pg. 10], [17, §2.2]. There is 
an open subset W’f{C) £ IF^(C') parametrizing line bundles. We will denote by p{g,r,d) 
the Brill-Noether number g - (r + l)(g - d + r). 

The following comes from the proof of [17, Remark 2.3(i)], although it may have been 
known to experts earlier (note that if yl e J^(C') for d> 2g -2, then h}{A) = 0, [45, Prop. 
1.4.6]). The proof is essentially the same as in the smooth case. 

Theorem 7.2.1. Each irreducible component ofW^^{C) has dimension at least p{g,r,d). 

If p{g,r,d) > 0, then under our hypotheses ITd(C') is connected, [58, Thm. 1]. If 
p{g,r,d) > 0, then W^(C) is nonempty since we can deform C to a smooth curve in |L| 
and h^ is upper semicontinuous, cf. [58, §3.4]. 

Let Vd^r - Wd{C) be the open locus parametrizing sheaves A which are globally 
generated and with hP{A) = r + 1. Assume Vd^r ^ 0- We will begin by proving that 
dimV^,. < p{g,r,d) (in particular Vd^r = 0 if pidHid) < 0). 
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Fix a vector space H of dimension r + 1 and let PJ ^ parametrize pairs {A, A) 
where A e Vd,r and A is a surjection of Ox modules 

A : El 0 Ox A 

inducing an isomorphism El H^{A). Two such surjections are identified if they differ by 
multiplication by a nonzero scalar. Thus is a PGL(r+l) bundle over Vd^r- 

Let (^, A) e P^. Then KerX is a vector bundle F of rank r + 1, [58, §3.2], We have 
det{F) ^ L*, deg{c 2 {F)) - d, h^{F) - h^{F) - 0 and h?{F) = r+ 1 +{g - d + r), cf. [97, §1]. 
Note that g - d + r = h^{A) > 0. Further, for any rank one, torsion-free sheaf vl on C we 
may define an ‘adjoint’ A\ which is a rank one torsion-free sheaf with = A. From 

the short exact sequence 

0 —>■ F ^ El 0 Ox ^ 0 

we may form the dual sequence 

®Ox F* ^ A^ ^0. 

The following lemma is a slight generalisation of [73, Cor. 9.3.2]: 

Lemma 7.2.2. Assume Pic{X) ^ 'LL as above and let (^, A) e Then the vector bundle 
F = KerX is stable. 

Proof. For any vector bundle H c 0®“ and any integer 1 < s < rk{H), we have H*) > 

1. Indeed, we have A^P £ OjT ^ O^ for some integer b and then £ndox{/\^ H) ^ 

A^ H®A^ H* c [A^H*)®^. Taking global sections gives/;.°(A^ P*) ^ 1 {ats id € H^{£ndox{A' 

Now let P^ c F c El 0 Ox be a locally free subsheaf of P with rk{F') = r' < r + 1. From 
the above, hP{det{F'*)) > 1 and hP{A^ F'*) > 1 (if r' > 1). As Pic(A) ZL, we have 
det{F') = kL* for some k > 0. We claim k t D. If A: = 0 and r' = 1, then F' ^ Ox which 
contradicts that hP{F) = 0. If A = 0, r' > 0, then F' ^ A^'~^ F'* 0 det{F') gives h^{F') > 1 
which is again a contradiction. So we have det{F') = kL* for /c > 0 and det{F) = L*, which 
implies deg{F')lrk{F') < deg(P)/rA:(P) as required. □ 

Let My be the moduli space of stable sheaves on X with Mukai vector v = {r + 1, L, g - 
d + r). We have a morphism 

V-C : Pd - My 
(A, A) ^ (KerX)* 

where (KerX)* denotes the dual bundle to KerX. Let Me be the closure of the image of 
ifci with the induced reduced scheme structure. By the description of P, if [F*] e Im{'4)c)-, 

C 2 {F*) ~ dex 

where cx is the rational equivalence class of a point lying on a rational curve as defined 
in [13]. 

There is a natural symplectic form a on My defined in [108]. 


P)))- 
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Proposition 7.2.3. Let a be the natural sympleetie form on M„ and i ■ M„ the 

inclusion, where is the smooth locus of Me- Then i*a = 0. 

Proof. Since g - d + r > 0, [115, Thm. 0.6(1)] applies and for any [G] e My, there is an 
effective, degree p{g,r,d) zero-cycle Z with C 2 (G) ~ [Z] + acx for some a e Z. Following 
[115, Prop. 1.3] there is then a smooth quasi-projective variety My with morphisms q ■ 
My ^ My, P : My ^ q is surjective and generically finite, and with the 

property that if x = [F*] e Im{'ipc) and y e q~^{x), then we have the rational equivalence 

P{y) + {d- p{g,r,d))cx - C 2 {F*) ~ dcx- (7.1) 

Further if /3 is the sympleetie form on the Hilbert scheme of points , we have q*a = 

kp*ft for some nonzero constant k € C. Let Me £ My denote the closure of q~^{Im{'ipc)) 
with the induced reduced scheme structure, and let pc respectively qc be the restriction 
of p respectively q to the smooth locus of Me- Then pc{s) is rationally equivalent to 
pc{t) for all s,t in the smooth locus of Me, from (7.1). Thus PeiP) = 0 by [113]. Hence 
qe{a) = 0 and since q is surjective, i*a = 0. □ 

Corollary 7.2.4. We have dim Me < p{g,r,d). 

Proof. Indeed dim My = 2p{g, r, d) from [108, Thm. 0.1] so this follows from the proposition 
above. □ 

Corollary 7.2.5. IfVd^r is nonempty then dimV^^,. = p{g,r,d). 

Proof. If Vd^r is nonempty then dim.Vd,r ^ pidH^d) by Theorem 7.2.1, so it suffices to show 
dL\m.Vd,r ^ p{gHid). It then suffices to show that ife • Pd ^ fibres of dimension 

dimPGL(r+l). In other words, we need to show that for each fixed F e My there are only 
finitely many A e Vd^r fitting into an exact sequence 0 ^ F ^ HI 0 Ox ->• H 0. But 
this follows immediately from the fact that in our circumstances the degeneracy locus map 
Gr{r + 1,H^{F*)) \L\ is globally defined and finite, see [115, §2] (recall that all such A 

are supported on a fixed C by definition). □ 

Remark. Assume Vd^r is nonempty. We have dim Me = diml^ ,. = p{g,r,d) from the above 
Corollary. Thus Me is a (possibly singular) Lagrangian subvariety of My. 

Corollary 7.2.6. Let X be a K3 surface with Pic{X) ^ 'LL and (L-L) = 2g-2. Let G e \L\ 
be rational and assume p{g,r,d) < 0. Then 

w''d{G) := {A e J^{G) with h^{A) > r + 1} 


is empty. 
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Proof. Assume for a contradiction that A e W^^{C). Let A' be the image of the evaluation 
morphism H^{A) 0 Oc A. Then A' is a globally generated, torsion free, rank one sheaf 
of degree d' < d with r' + l > r + 1 sections, and thus A' e Vd'y- But p{g, r', d') < p{g, r,d) <0 
for d' < d, r' > r and thus Vd'y is empty by Corollary 7.2.5. This is a contradiction. □ 

To proceed we need two technical lemmas. 

Lemma 7.2.7. Let C be an arbitrary integral nodal curve. Suppose A' is a rank one 
torsion free sheaf on C and let k{p) be the length one skyscraper sheaf on C supported at 
a node p € C. Then if Z Wd{C) is an irreducible family of rank one torsion free sheaves 
such that we have an exact sequence 

0 ^ A' ^ A ^ k{p) ^ 0 


for all A^ Z, then dimZ < 1. 

Proof. It suffices to show dime Ext^^{k{p), A') < 2. We have 

ExtQc{k{p)^^') - ExtQ^{k{p), A'(n)) for any n e Z 

^ H^{C,ExtQ^{k{p),A'{n))) for n » 0 

^H\C,£xth^{k{p),A')) 

where the second line follows from [68, Prop III.6.9]. The sheaf £xt^^{k{p),A') is a 
skyscraper sheaf supported at p. If A' is nonsingular at p then 

dimeExtQ^{k{p),A') = dime ExtQ^{k{p),ujc) = 1 , 


by Serre duality. 

Suppose now A' is singular at p and let vr : ->• C be the normalisation of C. Then 

dime Ext\y^{k{p), A') = dime Ext\y^{k{p), tt^{Oc')) since A^ mp ^ 7r^(Oc")p where mp 
is the maximal ideal of p, by [45, III.l]^. But dime ExtQ^(k(p),7r^(Oc')) = 2 as required, 
by [10, Prop. 2.3]. □ 

Lemma 7.2.8. Let C be an arbitrary integral nodal curve. Suppose A' is a rank one torsion 
free sheaf and let Q be a sheaf with zero-dimensional support such that supp{Q) £ Cging, 
where Csing is the singular locus of C. Then if Z Wd{C) is an irreducible family of rank 
one torsion free sheaves such that we have an exact sequence 

0->A'^A->Q-^0 

for all A€ Z, then dimZ < 1{Q), where 1{Q) denotes the length of Q. 

^Note that nip is a degree -1, rank one t.f. sheaf, and TitiOc') is a t.f. sheaf of strictly positive degree, 
so although these sheaves are locally isomorphic, they are not globally isomorphic. 
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Proof. We will prove the result by induction on 1{Q). When 1{Q) = 1 the result holds 
from Lemma 7.2.7. Suppose Q has length r and choose a sheaf Q' with zero-dimensional 
support and length r - 1 such that we have a surjection (j): Q Q' . For any 

0 A —^A—>Q—>0, 

(j) then induces a short exact sequence 

d-^A"^A-^Q'^0 

where A" fits into the exact sequence 

A' ^ A" ^ Ker{4>) ^ 0. 

Now let TT : T Z he the moduli space with fibre over Ae Z parametrising all extensions 
0 A' ^ A ^ Q ^ 0; this can be constructed from [22, §4.1]. After replacing T with 

_ j.' 

an open set we have a morphism ip '■ T W^r{C) for some d', r', which sends a point 
representing the exact sequence 0^A'->-A^(5->-0to A" Ker{A ->• Q'). By Lemma 
7.2.7 the image of ip is at most one dimensional as l{Ker{(p)) = 1. Further, tt{iP~^{A")) is 
at most 1{Q') = 1{Q) - 1 dimensional for any A" e Im{ip) by the induction hypothesis. It 
then follows than dimZ < 1{Q) as required. □ 

Lemma 7.2.9. Let C he an integral, nodal curve. Then 

wl{C) := {A € .J'^{C) with h^{A) > 1} 

is irreducible of dimension p{g, 0, d) = d. 

Proof. Let £ W^^{C) be the open subset consisting of line bundles. Let ■= Divd{C) 
denote the scheme parametrizing zero-dimensional schemes Z £ C such that the ideal sheaf 
Iz is invertible of degree d; i.e Vd is the scheme of effective Cartier divisors. Let C ^ C 
denote the normalisation. From [88, Thm. 2.4], pullback induces a birational morphism 
Vd Divd{C), and thus dimV^ = d. We have a morphism Vd J*^{C) with image Ud, 
which sends a scheme Z to the effective line bundle I^. Thus Ud of dimension at most 
d. Since each component of Vf|)(C') has dimension at least d by Theorem 7.2.1, we see 
dim(t/rf) = d. 

Let I be an irreducible component of VF^(C') \ Ud', we need to prove dim(/) < d. There 
is a nonempty open set I® of I, an integer d' < d and a partial normalisation p '. C' ^ C 
such that for each A e there exists a unique effective line bundle B e Pic*^ (C') with 
p.*{B) A hy [55, Prop. 3.4]. Since the dimension of the moduli space of effective line 
bundles of degree d' on C has dimension d' by the above, we see that dim(/) < d' < d. □ 

We now prove the main result of this section. 
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Theorem 7.2.10. Let X he a K3 surface with Pic{X) ^ 'LL and {L ■ L) = 2g - 2. Suppose 
C € \L\ is a rational, nodal curve. Then 

iTrf(C) ;= {A e J^{C) with h^{A) > r + 1} 

is either empty or is equidimensional of the expected dimension p{g,r,d). 

Proof. By Corollary 7.2.6 the theorem holds whenever p(g,r,d) < 0. Thus it suffices to 
prove the theorem for p{g,r,d) > -1. We will proceed by induction on p{g,r,d) starting 
from the case p{g,r,d) = -1. 

Choose nonnegative integers r, d and suppose the claim holds for all r', d' such that 
p{g,r',d') < p{g,r,d). We know the claim holds for r = 0 by Lemma 7.2.9, so we may 
suppose r > 0. Let I be an irreducible component of W^{C) \ Vd^r', from Theorem 7.2.1 it 
suffices to show dim(/) < p{g,r,d). For all A€ I, we denote by A' the globally generated 
part of A, i.e. the image of the evaluation morphism H^{A) 0 Oc A. There is an open 
dense subset I such that deg{A') = d', hP{A') = r' is constant for all A e 1°. Replacing 
by a smaller open set if necessary, we have a morphism 

/ : i^d^wUc) 

A^A'. 

Indeed, let S be an integral, locally Noetherian scheme over C, let vr : C x 5 ->• S' be the 
projection, and let .4, be an S' flat family of rank one torsion free sheaves on C, with 
deg(.4,s) = d, h^{As) = r' + 1 constant. Replacing S with an open subset, we may assume 
that is a trivial vector bundle of rank r' + 1, and that the image A' of the evaluation 
morphism 

H\A) 0 OcxS - .4 

is flat over S. Replacing S with another open subset, we may further assume 'k^A' is a 
trivial vector bundle of rank r' + 1. We claim that .4^ is the base-point free part of .4^. 
Let Bs denote the base point free part of .4^. The surjection H^{As) ® Oc A'g shows 
A'gTi BgTi A. Then the exact sequence 

0 ^ .4' ^ R, ^ F ^ 0, 

where F has zero-dimensional support, and the equality h^{A!g) = hf'{Bs) = r + 1 implies 
F is the zero sheaf (since Bg is base point free). Thus if d' := deg(.4^). A' is a flat family 
of rank one, torsion free sheaves on C of degree d' with r' + 1 sections, so the universal 
property of VF^^(C) induces a morphism S ->• Wd'{C). 

We next claim that / has fibres of dimension at most d-d'. This will then imply the 
result as p{g,r',d') < p{g,r,d') = p{g,r,d) - {r + l){d - d') so that dim(/*^) < p{g,r,d) for 
r ^ 0. For any 4 e I® we have a sequence 


0^ f{A)^A^QA^0 



CHAPTER 7. BRILL-NOETHER THEORY FOR NODAL CURVES ON K3 


101 


where Qa has zero-dimensional support. We have a canonical decomposition Qa = Qyi,sm® 
QA,sing with Supp((5A,sm) £ ^sm and Supp((5A,sing) £ Cas ing , where Csm is the smooth locus 
of C and Csing = C - Csm- Replacing with a dense open set we may assume Q' ■= QA.sing 
is independent of A € Let e ;= 1{Q'). For any A € there is a unique effective line 
bundle M of degree d- d' - e such that we have a short exact sequence 

0^ f{A){M)^A^Q' ^0. 

We have a morphism 


5 : - wt,{C) 

A^f{A){M). 

By Lemma 7.2.8, g has fibres of dimension at most e. For any A' in the image of / consider 

9\f-RA') ■■ f-\A')^\r'_,(C). 

The image of 5 '|/-i(a') is a subset of the space of tuples 0 M for M e Pic'^”'^ “®(C') 
effective. The moduli space of effective line bundles in Pic'^”'^ may be identified with 

the image of the natural map clm ^ Pic^“‘^ ~^(C), where Csm is the smooth locus of 
C, and thus has dimension at most d- d' - e. Thus dim f~^{A') < d - d' as required. 

□ 


Remark. It is clear from the proof that the theorem would hold for any constant cycle 
curve C e \L\ such that C is integral and nodal, see [77]. 
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